Supplemental Material for “Sticky Discount Rates”

Supplement A Derivations and Proofs

Supplement A.1 Proof of Proposition 1

We approximate around the steady state where all the exogenous variables are constant
over time. We denote the steady state values of all the variables as those without time

subscript. The existence of such a steady state requires

w=¢_q (1)

which we assume to hold. In general equilibrium, w endogenously adjusts to ensure the
above property, but here, we simply assume that w = r + ¢. The investment rate and the

discount rate are

1=, (S2)
5=r+T. (S3)

We denote log deviations from the steady state value using hats (e.g., £; = log(x;/x)).
We start by linearizing the investment policies (8). The first-order approximation of

(8) is
Ly — ¢ = % {ﬁt — %((5& —coct) |, (S4)
where
b= [ e ws - - s (s5)
and
cocy =r /too e "6 dg — r/too e_’(s_t)(rs + 775)ds. (S6)

The key observation is that future investment policies { ;s }s>¢ have no first-order effects
around the efficient steady state thanks to the envelope theorem. That is,

d

g‘ﬁs(@'t; {tis}s>t) =0 (S7)
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for all s > t when evaluated around the efficient steady state. We can therefore write
the investment policy function of a firm as a function of macro aggregates and its current
discount rate:

lt(5) = 6 + % éit - %(5# — COCf) . (88)

The aggregate investment expression follows by aggregating the above expression across
ie[0,1].

Supplement A.2 Proof of Proposition 2

The unit value of capital of firm i at time £ is
/t e fos [it+u_nt+u_(lit+u_é)]du [ws — g + 90(11'5)] dS. (59)

The second-order approximation of the above expression around the efficient steady state

is
I [—guis S e o} ds+ Lip, (S10)
t

where t.i.p. refers to terms independent of (investment) policies and §;; is defined in (S5).
We define the linear-quadratic approximation of the firm’s discount rate setting prob-

lem as follows:

max /too ¢~ 8 5-1) {—%(15(5*) — )%+ §s(15(6%) — L)} ds, (S11)
where 1(6%) is given by (S8). This problem reflects that the firm can adjust the discount
rate with Poisson arrival rate 9;5,(1.). Until the firm is able to adjust, it must follow the
investment strategy given by (S8). Since the objective function does not involve first-
order terms, the above linear-quadratic approximation provides a valid approximation to
the original problem (Benigno and Woodford 2012).

The first-order condition of the above problem is

/t ) (s—) {_¢(ls(5;;t) )+ qs} ((85,)ds =0 (S12)
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for a firm i in group f. Using (S8), we can rewrite the above expression as

Z o (r0p)s (g _
/0 e\ f5<(5ft cocs)ds—O,

which implies (15). The average discount rate of group f evolves as

bt = 05 (05 — Oft),

(S13)

(S14)

which follows from the fact that a randomly selected subset of firms adjusts their discount

rates to (5jét. This is equivalent to (16). Equation (17) then follows from aggregating across

all firm groups.
Supplement A.3 Proof of Proposition 3
To a first order, the change in the path of inflation is
drmy = e Prtdm,,
where drry > 0. Using (9), the change in the cost of capital is

dcoc; = e Prtdm,.

r U
Substituting the above expression into (15), we have

r r—i—é)?

,‘Bﬂtd
e 770-
7’+,37T7’+9?+,Bn 0

a5}, =

Accordingly, using (16), we can compute the group-level discount rate as

1)
r r+6f 9(5 1

dds =
T Bar + 67+ B 105 — B

[e*ﬂ”t — e_ef;t] drmy.

The discount rate wedge is

r
dbgy — deocy = p

7T

r+6%+pBx 65— Br

S3

r+ 60
e Prt ( f go 1 [1 — e(ﬁ”_gﬁ)t] — 1) dr.

(S15)

(S16)

(S17)

(S18)

(S19)



Since §; = 0, equation (10) implies
1
di = —E(déft —dcocy), (S20)
so that the response of the investment rate is positive if the discount rate wedge is nega-

tive. The discount rate wedge is negative if

6%)6°
r+ f)f]. (S21)

(r + Brn)Br

1

t <

log

The cumulative impulse response of the investment rate is

o0 o0 1
/0 dudt = — /0 o (485, — deocy] dt (S22)
1 7 r+6; 1 1
- S 523
(PT’T"‘,BH (V‘i‘@?‘i—ﬁnﬁn ,Bn 0 ( )
> 0. (S24)

With flexible discount rates (8% = oo), the discount rate wedge is zero for all t. Therefore,
the investment rate response is zero for all t as well.

Supplement A.4 Proof of Proposition 4

The proof is nearly identical to the proof of Proposition 3 above. To a first order, the
change in the path of the real interest rate is

dry = e Pridr,. (525)

Using (9), the change in cost of capital is

r

— Bt
=Y ﬁre dry. (526)

dcocy =

Substituting the above expression into (15), we have

r r—i—G;SC
r+ﬁrr+eji+ﬁr

dsy, = e Prtdrg. (S27)
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Accordingly, using (16), we can compute the group-level discount rate as

r+ 0%
! L — et — "] o (528)

dos =
B+ el B 0T p,

The discount rate wedge is

+ 64
désp — dcocy = ! e Prt T 0% ! [1 — e(ﬁr_gf‘)t} — 1 drp. (529)
r+ Br r+65+p, 76— B,

flex)

The difference in the response of the investment rate under flexible discount rates (dx;

and sticky discount rates (di;) is proportional to the discount rate wedge and given by

1 1
dip — ' = —E(d(sﬁ — dcocy). (S30)
One can compute that di; — dt{ ¥ > 0if and only if
(r+ 9?)9?
t < log | ————=|. S31
Gﬁ—ﬁr & (r =+ Br) B (31

Furthermore, the difference in the cumulative impulse response of the investment rate is

/O (di — di/")dt = — /0 % (8¢, — deocy) dt (S32)
1 7 r+0; 11

_ = — — —\dr S33

prit e <r+9§+ﬁrﬁr B) " &9

> 0. (S34)

Supplement A.5 Derivation of Firm’s Loss Function

Substituting (10) into (510), we obtain firm profits as

]Et/t e s7h) {_g([is - l)z - ins<lis - L)} ds

0 1
= —Ei=— , e r7h {—tﬁ' + ,,_2(‘51'5 — cocs)z} ds.
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Since §; is independent of the firm’s policy, the change in firm profits from sticky discount

rates is

11

® (s 2
—IEtEW/t e 757D (8,5 — cocs )?ds.

Supplement A.6 List of Equilibrium Conditions

Given a sequence of shocks {p;, At} and monetary policies {r, 7 }, the equilibrium con-

sists of {COCt, wt, 5}‘;” 5ft/ (St, L, qt, ét, 7T¢, tt, Kt} that solve

arcocy = —r(ry + 714) + reocy
(r+ 9?)(5}2,5 = (r+ ch)coct + at(s;t
9ot = 03(6% — 65)

or = Ef[d7]

1§y = wwp — (1t — 1) + 044y
i —1 q —1(5 — cocy)
t—¢ qt p t t

b= A (1= ) (R~ L)
A 1

9Cr = —(re —pr)

oty = —0F (r+0P) [oCy + vl — Ay — a(Ke — Ly)] + 1

Supplement A.7 Derivation of Central Bank Objective

We will often invoke the following second-order approximation:

We define welfare in the economy as

W= /0°° e~ Jo P55 [14(Cy) — o(Ly)] dt.

S6

(S35)
(S36)
(S37)
(S38)
(S39)

(S40)
(S41)
(S42)
(S43)
(S44)
(S45)
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The second-order approximation of (547) around the steady state is

W~ / et [a’(C)C (ét + %(1 — a)c}z)
0

1+v

t R t "
_J(L)L (tt+TIZ%> _#(C)C / 0edsCi + o' (L)L / bodsle| + tip., (548
0 0

where t.i.p. denotes a set of terms independent of policies. The resource constraint is

/ (PtT(:)) Ca [C*“fK**/ ¢ (&‘f) diKt} = AF (K, Lt), (49)

Lt

where i indexes a price-setting firm. Let p;(i) = log P(i) — log Pr and @ (¢) = log W;(¢) —
log W;.
The misallocation resulting from price dispersion can be expressed as:

AN e ,
/(Ptp(:)) di ~ 1—8/ﬁt(i)di+%/ﬁt(i)2di. (S50)

N 1—
Since [ (Ptp(:)> di=1 by the definition of the price index, we also have

_2\2
1~1+(1 —g)/;af(i)alzur ( 28) /ﬁt(i)2di. (S51)

Combining the previous two expressions, price dispersion is

J () e s
t
- gvar(ﬁt(i)). (S53)

In a similar vein, we can define (i) = log(;(i)/1;) and express the misallocation from

investment dispersion as

o (") dim Jgm )2 [ #0250 ) 21

; (S54)
= Eq)“ (1) tzvar(id(i)) + 540// (1) lzit-
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Therefore, the second-order approximation of (549) is

A I 1 1
C (Ct + ch) +1 <1t + E13) + EgbKtzvar(id (i) + Eprﬂz% + Gt + %Gf

. ) (S55)
=Y [—ivar(;ﬁt(i)) + Y + EYE :

The second-order approximation of the Cobb-Douglas production function gives

A 1. A 1,4 . 1, -
Y + EYtZ = A + E(At)z + a(K; + EI<§) + (1 —a) (L +

+ (1 — Dé)Aftt + LKAth. (556)

(L)) - (1 — ) (L = Ri)?

N =

The second-order approximation of the capital accumulation equation, 0;K; = (1t — §)Ky,
is
A ]. ) A 1 2 A 1 )
K [ 0¢K; + Eath =1L+ Elt —¢K | K¢ + EKt , (S57)
where I} = 1;K; denotes aggregate investment.

Using (S55), one can rewrite @' (C)CC; as

A s 1, s 1
i'(C)CC; = ' (C) {Y —gvar(ﬁt(i)) +a(Ki+ SKP) + (1 - a)(Li+ SL7)

1 A
— Sa(l—a)(Le - Ky)? 5 5

- %cc}z 1 (1} + 1ft2> ~ Lo ) 2Rvar(#(i))
1 .. .
— Ego" (1) PKif + Y [(1 — a) ALy + aAiKy] } + ti.p. (S58)
Substituting (S58) and (S57) into (548),

~ A

W =i (C) /Ooo e P! —Y%var(ﬁt(i)) — %[X(l —a)Y(Lt — K;)?

— SOEKvar((i)) — s¢EK{L — K2~ 20CC? — (1 - )Y UL}
t . t . o .
- a’(C)c/ 0sdsCy+ (1 — a)Y/ bodsly + (1 — a)YA L +aYAR, |dt + tip.,
0 0

(S59)
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In deriving the above, we have used the fact that
(1—a)YL -/ (L)LL; =0 (S60)
and

(aY — CK)K/e_Ptxtdt — K/e_f’tatxtdt = pK/e_Ptxtdt — K/e_f’tatxtdt (S61)
=0, (S62)
where x = K; + JK? and the last equality follows from integration by parts.
—/ =/ 2% 1 o2 % 1 o2 1 2
' (C)Iy = (C) |K (K1 + EKtH —(1-&K|(K:+ EKt — IEIt . (S63)
Price dispersion evolves according to (see, e.g., Woodford (2003) for the derivation),
1

orvar(p(i)) = —0Pvar(p:(i)) + 9—p7%t. (S64)

Using integration by parts,

/OOO e Plvar(p;(i))dt = — Feptvar(ﬁt(i))} ; + /000 %ept%var(ﬁt(i))dt (S65)

P
= OOO :—)e_pt (—9pvar(;5t(i)) + Ql—pn%) dt (S66)
= —g /Ooo e Plvar(py(i))dt + {% /eptﬁtzdt, (S67)
which we can solve as
/ " e Phvar(py(i))dt = ——— / e Pt AL, (S68)
0 (o +67)0F

Next, we seek to express the investment misallocation term, var(2%(i)). Recall that the

investment rate is

ff = % [qt — %(51& — COCt):| . (869)
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Investment misallocation can be written as the dispersion in discount rates,

var (4 (i) = Var((5 (7). (S70)

(r 4>€)

The evolution of the aggregate discount rate is dictated by
odsr = 9;3(5; —55), (S71)

where §; denotes the discount rate of firms with an adjustment opportunity in period ¢.
We can rewrite var(6%(i)) as

Var(ét Zﬁfvarl‘f (St dl —|—Z£f (sft ) , (572)

where var; ¢(x) = glf fief(xi — xf)2 and x; = glf fief x;di are variance and expectation
operators conditional on group f for an arbitrary variable x. The evolution of var(é;(i))
is given by
. . 1 2
dpvar; r(8:(i)) = —O5vary¢(6:(i)) + @ (9e61)° (S73)
Using the above relationship, we can write

o ] 1 S 5
/0 e ptvari|f(5t(l))dt = W/Q e pt(at(Sft) dt. (874)

Consequently, expression (S70) becomes

e Phvar(id (i dt:/ et N (36p)% + Y (55 — 6) dt.
fy e tvart = [ s [; a0 + o —a
(S75)
Substituting (S68) and (S75) into (S59), the quadratic loss function is
/ o
W _@ / e PHL,dt, (S76)
0

510



where

L, = (DKL(tt — Kt)Z + CUU(L% + (Dcétz + C’OLT_% + C’Orrﬁtz + ]Ef[@glf(at5ft)2] + cDVVarf[éft]

t C R R R . R
—2/0 puds(-Cr — (1= )L) —24,(aks + (1 - ) Ly)

(S77)
with
K C
ok = a(l—a), @K = ¢y @c=0y, @OL= v(l—a), (578)
1 K1 1 K1
U= oroe M Yerprene V- yer

and E[xs] = }.r l¢xs and Varg[xs| = Y. l¢[xs — Ef [xf]]? are expectation and variance
operators for a group-specific variable xy.

The optimal monetary policy problem is to minimize (S76) subject to the following
log-linearized equilibrium conditions:

Cét + Ift + Yét = YAt + IXYKt + (1 — IX)Yi,f
9Ky = (1t —¢)

1 1
Ly = 5 qt — ;(5,5 — COCt)
51} — IEféft

965 = 66, — 67)
Ordp = —(r+ 9;5()coct +10%,
8tcocft = —ri; + rcocy
ot = —(wr — (ir — 711) ) + s
A 1
0:Cy = _E(it — 7T — Ot)
oty = —(r+ 0P)0F [W; — By — a(Ry — Ly)] + rmy

Since the objective function only involves second-order terms, the linear-quadratic prob-

lem provides a valid approximation to the original non-linear optimal monetary policy
problem (Benigno and Woodford 2012).
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Supplement A.8 Optimality Conditions for Monetary Policy

We derive the optimality conditions for the optimal monetary policy problem. For clarity,
we assume there is one firm group, F = 1. The current value Hamiltonian is given by

ST

> ki (Le — K)? + @ixif + ©cC? + @ LT + oAt

+@5(09)% (55 — 651)?
t C . .
—2/0 puds(3.Cr — (1 - a)Ly)

— ZYAt(tXKt + (1 — oa)li,g)

+ A [orte — 0P (0 + 6F) [0Cy + vy — a(Ky — Ly)] ]

N N . Cr K N
+ ARC,t |:At + DCKt + (1 — (X)Lt — (?Ct + ?(lt + th)>:|
+ AK,t [lt]

+ Acoct [—1ir + rcocy]
+ Ao+ 9;5() [é}t - coct}
+ Aoy 0367 — 0p1)] -

Note that the initial conditions for A;, A, 0, Aco, A0, Acoc,t, and Ay are given.
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The first-order optimality conditions are

coc :
5}3 :
5ft .

2~ A 2~ t A
(«DKL(Lt — Kt) + @ Ly + /0 psds(l — IX) — At(l — 06)

— (D/\q,t(l + 1/) — An,,ﬁp(p + Qp)l/ + /\RC,t(l — DC) =0
—akr (L — Ki) — A+ whgy

K
+ 0P (o + 60F)aA it + Arct (oc = ?t) = pAgt — Ak s
K
@l + Ayt — /\RC,t? + Ak =0
A t C C
0cCi — woh g, — /0 puds S — A0 (p +07)0 — Arcy. = pAcy — ke
R 1
W7l — /\q,t - )\CE_ + )\n,tp = P)\n,t - at‘}\rc,t
1
Aqtp — /\15 = PAgt — 9iAq
1
/\q,t + AC,t;_ - PAcoc,t =0
1
_/\t,t% + P)\coc,t - /\*,t (P + 9;2) = PAcoc,t - at)\coc,t
@5(05)2 (5 — 851) + Mt (0 + 0%) + A 403 = pAsp — Iphucs

i} 1
—@5(09)% (53 — 61) + Migs = Asp0% = pAss — 0oy

Combining (587) and (S88), we have

@r Tt = PAcoct — OtAn t.

(S80)

(S81)
(S82)

(S83)
(S84)
(S85)
(S86)
(S87)
(S88)
(S89)

(S90)

(S91)

(S92)

From this expression, if the economy is to have zero inflation in the long-run steady state

(in which case 9\ + = 0), then it must be Ao — 0 as t — oo.

Iterating (591) forward, we have

As = /too ef(pw;?t)(s—t) [_w(;(e?)z((sjzs — ) + Aw#] ds.

Iterating (590) backward,

Eopsia
Aup = — /0 1 [y (0)2(87, — b7c) + X550 ds.
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Iterating (589) backward,
A = /t {A —1 + Ao + 95) ds (595)
coc,t 0 1,8 ! *,t f :

In the limit with a flexible discount rate, 9;5( — 00, we have

1
Hm A (o +6%) + A — =0, S96
P (P f) 1,t¢p (596)

and therefore,
Acoc,t =0 (597)

for all t. This confirms existing results that long-run inflation must be zero (Woodford
2003). Outside of such a limit, it is generically not possible to have (596). Consequently,

. 0 1
tll}rglo Acoct = /0 {Aw@ + Ai(p+ 635:) ds. (598)

This is the undiscounted sum of the past realizations of Aw# + Aei(p + 9?) in the his-
tory. Outside of the knife-edge case, we would not expect this term to be zero, which we

numerically confirm.

S14



Supplement B Hand-to-Mouth Households

We extend the baseline New Keynesian model by adding hand-to-mouth households who
consume all their income every period. We largely follow Dupraz (2025) and adapt that
model to continuous time.

Model Setup. A fraction x € [0,1) of households are hand-to-mouth and the remaining
households are Ricardian. Let y} denote the flow income of the Ricardian households
at period t. Let y! denote the flow income of the hand-to-mouth households. The per-
capita consumption function of the Ricardian household is, to a first-order approximation
around the steady state,

[e0]

Cl = —(1/0)/t e 757D (v — pg)ds +r/t e T 5=h gl ds. (S99)

The per-capita consumption of the hand-to-mouth households is simply

Ch = g (5100)
Aggregate consumption is then
A Y o Y A
C=xeCl+ - 0)EE (S101)

h r ~
— Y ph L —r(s—t) (. _
cht+(1 X)C { (1/(7)/t e (75 ps)ds+r/t

o]

e’(St)ygds] . (S102)

As in Werning (2015) and Dupraz (2025), we postulate the income of each household
as a function of aggregate variables. In particular, we assume that both households earn
a share 1 — « of aggregate income through labor income. The remaining share « of aggre-
gate income goes to Ricardian households through capital income. These assumptions

imply

! X [a(Ce + 1) — 1], (5103)

P =1 —a)(Ci+ 1. (S104)
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Log-linearizing,

Y = [(1 — ) oc] CCi+ (1 —«) [1 - ﬁ} 11, (S105)

Yol = (1 —a)CCs + (1 — )1l (5106)

Substituting (5105) and (5106) into (5102),

C=r (=)t o] (=) [T e+ (1 -y

+r(l—a) [1-%} (1—x C/ s, ds+(1—o¢)xélt (5107)
+ =% |~/e) [T e 00 - pas).

Using integration by parts,

r/ e "6 ds = & + {/ er(St)atCAst} p (5108)
t t

r/ e "6 Nds = I + {/ e_r(s_t)atfsds} . (5109)
t t

Substituting (S108) and (5109) into (S107),

A

Ct = {(1 — ) — a} (1—x) {ét + [/too eT(St)atCsdsH + (1 —a)xC
+ (1w [ —X} (1-— )()é [ft + [/too e’(St)atIAsdsH +(1— zx))(éft,

+ =% |~/e) [Tere 0 - poas),

(S110)

which simplifies to

0=[1—a)(1—x)+4q] {/too er(s’f)atésds} —(1— oc))(é [/too er(St)atfsds}

i {[(1 —W)(—x) e~ (1- a)xé} [_(1 o) [ _ps)ds} S
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Differentiating both sides by ¢, we have

A 1 o
atCt = (1 — g) ;(1’,5 — ,Ot) —+ gatlt, (8112)
where
(O -axt
g:(l—(x)(l—x)—l—a_ (5113)

Equation (5112) replaces (24) in the main text. Note that without hand-to-mouth
households, x = 0, we have ¢ = 0 and (5112) collapses to (24). If x > 0, then ¢ > 0. In this
case, an increase in investment growth also increases consumption growth, a mechanism
highlighted in Auclert et al. (2020), Bilbiie et al. (2022), and Dupraz (2025).

The rest of the model is unchanged relative to the baseline model. In particular, we as-
sume that the same New Keynesian Phillips curve (26) holds with heterogeneous agents,
as in Auclert et al. (2021) and McKay and Wolf (2022). The only new parameter value is
the fraction of hand-to-mouth agents, x. We set this value to 0.49, following Auclert et al.

(2024). The remaining parameters are unchanged.

Impulse Responses. The key mechanisms driven by sticky discount rates continue to
play an important role in a model with hand-to-mouth households.

Figure S1 shows impulse responses to an increase in the inflation target, analogous to
Figure 7 in the baseline model. Both investment and consumption increase thanks to the
investment-consumption feedback highlighted in Auclert et al. (2020), Bilbiie et al. (2022)
and Dupraz (2025). Greater consumption, in turn, further increases investment through
an increase in aggregate demand. Compared to the baseline model, the GDP response is
therefore stronger in the model with hand-to-mouth households.

Figure S2 shows impulse responses to an increase in the real interest rate, analogous to
Figure 8 in the baseline model. The impulse responses are similar to those in the baseline

model.
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Figure S1: GE Responses to an Inflation Target Shock with Hand-to-Mouth Households

The figure plots aggregate impulse responses to a 0.1 percentage point increase in the inflation
target with and without hand-to-mouth households. The inflation target, inflation, the real discount
rate, and the real variables are annualized.
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Figure S2: GE Responses to a Real Interest Rate Shock with Hand-to-Mouth Households

The figure plots aggregate impulse responses to a unit increase in the real interest rate that decays
with a quarterly autocorrelation of 0.75 with and without hand-to-mouth households. The real
interest rate, inflation, the real discount rate, and the real variables are annualized.
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