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According to the conditional CAPM, assets should have higher
average returns if they have high market betas during times when the
market risk premium is high or the variance is low. Following the
seminal work by Lewellen and Nagel (2006), it is often argued that such
variation in market betas (conditional risk) cannot plausibly explain the
return to the major cross-sectional risk factors. The argument is often
that the time-series variation in conditional market betas, market risk
premium, and market variance cannot be large enough to materially
influence the required return in the conditional CAPM.

Over the last decade, however, research in asset pricing suggests
that conditional moments may be much more volatile than previously
understood. Kelly and Pruitt (2013) and Martin (2017), for instance,
provide evidence that the equity premium is “extremely volatile”,
exhibits substantial high-frequency variation, and generally varies more
than previously understood. Kelly et al. (2021), moreover, argue that
conditional betas of dynamic trading strategies can be highly volatile,
even at very short horizons. Finally, Moreira and Muir (2017) find that
expected returns and volatility on the market are not as highly corre-
lated as previously expected, which - for technical reasons explained
below - increases the scope for conditional risk to explain asset returns.

Motivated by this apparent change in our understanding of the dy-
namics of conditional moments, it is worthwhile revisiting the question

of how large a role conditional risk plays in the cross-section of stock
returns. To do so, we first quantify the plausible effect of conditional
risk in the CAPM. When considering the conditional moments uncov-
ered by the above literature, conditional risk can in theory explain as
much as five percentage points of returns per year for a representative
strategy, depending on the correlation between betas, the risk premium,
and variance. These five percentage points are similar in magnitude to
the full equity risk premium and to the unconditional CAPM alphas of
equity factors studied in the literature, meaning there is, in principle,
scope for conditional risk to explain some equity factors. Given the
theoretical possibility of a large role for conditional risk, it becomes
an empirical question whether or not conditional risk matters for
equity factors. We, therefore, set out to quantify the exact impact of
conditional risk on equity anomalies based on state-of-the-art methods.

We find that conditional risk helps explain a meaningful part of the
alpha for the major risk factors we consider. For the value factor, one
of the most intensely studied factors in this context, conditional risk
explains a fourth of the unconditional alpha. In the most recent period,
where risk premia are arguably more volatile, conditional risk plays a
relatively larger role, explaining almost all of the alpha for the value
factor. Conditional risk also helps explain profitability, investment, low-
risk, and momentum factors. For most of our regressions, controlling
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for conditional risk has a larger impact on alphas than controlling for
unconditional risk. Taken together, our results suggest that conditional
risk can be large enough to have a material impact on the alpha of
equity risk factors.

Despite this impact of conditional risk, the conditional CAPM is eas-
ily rejected. The tangency portfolio spanned by the major equity factors
remains highly significant after we control for conditional risk. In this
sense, our results strongly support the main point of Lewellen and Nagel
(2006), namely that the conditional CAPM does not explain the cross-
section of stock returns. Moreover, the tests explained above are tests
of the unconditional predictions of the conditional CAPM. Testing the
richer conditional implications leads to even stronger evidence against
the CAPM (see also Nagel and Singleton 2011 and Roussanov 2014).

However, the rejection of the conditional CAPM does not necessarily
mean that one should ignore conditional risk: in many factor analyses,
we want to control for market risk, and to do so properly, even
though the CAPM itself does not perfectly price assets. Throughout
our tests, conditional market risk has a bigger impact on alphas than
unconditional market risk, emphasizing the relevance of controlling for
conditional risk when implementing the CAPM.

Methodology and high-level summary

Our analysis begins by revisiting the theoretical analysis in Lewellen
and Nagel (2006) (LN). This analysis studies how much conditional
risk can explain as a function of the time-series volatility in conditional
betas, conditional market risk premia, and conditional variance. When
using the variation in betas assumed by LN, along with estimates of
market risk premium volatility from Kelly and Pruitt (2013), we find
that conditional market timing (i.e. covariance between market betas
and market risk premia) in principle can explain up to 2.9 percentage
points of annualized return. Similarly, volatility timing can explain up
to 7 percentage points of annualized return under the most aggressive
assumptions.

Market and volatility timing can thus be qualitatively relevant in
factor analysis when considered in isolation. Previous research has ar-
gued that one cannot easily combine the effects of market and volatility
timing. In fact, past work has argued that market risk premia and mar-
ket variance are positively correlated, likely causing market timing and
volatility timing to mechanically counteract each other. We should thus
expect a modest impact of conditional risk even if market and volatility
timing can have a large impact when considered in isolation. Recent
work by Moreira and Muir (2017), however, provides evidence that the
two moments are not perfectly correlated. Market and variance timing
may thus, in principle, work together to create substantial conditional
risk. In particular, if one is willing to assume that conditional market
risk premia and variance are uncorrelated, as we find empirically, it is
possible for market timing and volatility timing to jointly explain up to
5 percentage points of return. Empirically, we find that the two sources
indeed tend to strengthen each other, as further elaborated on below.

Motivated by these simple calculations, we set out to quantify the
impact of conditional risk on anomalies using state-of-the-art methods.
Our main methodology implements the CAPM using scaled factors,
where the conditioning variables (instruments) are the conditional mar-
ket return, the conditional market variance, and the rolling betas of the
test assets. In theory, the conditional market risk premium and variance
should be sufficient to capture conditional risk if we measure the two
perfectly. However, we include rolling betas in case our measures are
imperfect.

A key input to our analysis is the conditional market risk premium.
We rely on state-of-the-art methods that capture all of the variation in
expected returns, including the very short horizon variation that would
not be captured by rolling betas. Recent research offers a series of
candidate estimators of the conditional market risk premium,' some of

1 See e.g. Lettau and Ludvigson (2001a), Campbell and Thompson (2008),
Binsbergen and Koijen (2010), Kelly and Pruitt (2013) and Martin (2017).
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which are limited to the U.S. or the recent sample. In our main analysis,
we rely on the three-stage estimator of Kelly and Pruitt (2013), because
this estimator can be implemented in all the countries in our sample
and over the full sample length, and because it is proven to forecast
returns well both in- and out-of-sample. As to variance, we estimate
this based on the assumption that it follows an AR(1) process.

Based on these moments, we quantify the impact of conditional risk
in the cross-section of U.S. and global equities. We start with the value
factor, HML, which has been studied extensively in the past. As is well
known, the HML factor of Fama and French (1993) has substantial
CAPM alpha in the 1964-2022 sample. Controlling for conditional risk
explains around 1.25 percentage points of annual return in the US
sample, which amounts to around 27% of the total alpha on the factor.
In comparison, controlling for unconditional market exposure explains
only .86 basis points of annual alpha. As such, conditional risk cannot
explain the full alpha to the factor, but it explains a meaningful amount.

We find qualitatively similar results in our broad global sample.
Conditional risk helps explain the value factor in most of the large
countries. In France, Germany, and Sweden, conditional risk explains
essentially the entire value premium, which is around 2 percentage
points in these countries. In our pooled global sample, conditional risk
explains half of the alpha for the value strategy.

Conditional risk also matters for other factors than the value factor.
In our long U.S. sample, we find that the risk factors profitability,
investment, momentum, and betting against beta all load positively on
conditional risk, in the sense that controlling for conditional risk lowers
the estimated alpha. We find similar results in our broad global sample
of 23 countries. In the global sample, all the major risk factors, except
profit, load on our conditional-risk factor, and the conditional-risk
factor explains on average 18% of their unconditional CAPM alpha.

As argued in the introduction, recent research suggests that con-
ditional moments have been particularly volatile over the last few
decades. It is thus possible that conditional risk has been pronounced
over this period. Based on this observation, we study conditional risk in
the post-1996 sample. This is the period in which the equity premium
has been documented to be particularly volatile — and it also happens
to be almost completely out of sample relative to the first analyses of
conditional risk in the value factor.

When considering this out-of-sample period, we find an even more
pronounced role for conditional risk. Conditional risk generally ex-
plains 2 percentage points of annual alpha to the major risk factors.
This amount is large relative to the unconditional market risk premium
and the alpha on the factors. For instance, it amounts to almost all
of the alpha on the value factor and half the alpha on the investment
factor. For momentum and betting against beta strategies, conditional
risk explains around 30% and 10%.

As explained above, previous research has argued that market and
volatility timing generally should counteract each other when estimat-
ing conditional risk. To test this assumption, we introduce two new
risk factors that can explicitly detect market and variance timing. Using
these factors, we find that most equity risk factors exhibit both market
and volatility timing. That is, contrary to the previous arguments,
market and volatility timing appear to work together to generate
conditional risk. This finding may help explain why conditional risk can
account for a larger fraction of expected returns than previously argued.
At a technical level, this complimentary role of market and volatility
timing is possible only because equity premia and variances are not
perfectly correlated. This view is supported, as mentioned earlier, by
recent work of Moreira and Muir (2017).

We also implement alternative methods by Boguth et al. (2011)
and Lewellen and Nagel (2006). Using these methods, we again find
a large role for conditional risk in our more recent sample. The effect
is not always as large as our main methods suggest, but the effect of
conditional risk is similar in magnitude. This finding emphasizes the
robustness of our results across methodologies, but it also highlights
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the importance of including the best possible estimates of equity premia
and variance to properly account for conditional risk.

The paper proceeds as follows. Section 1 covers the theory behind
conditional risk in factor models, quantifies the plausible impact of
conditional risk, and develops new factors to account for market and
variance timing. Section 2 covers data and methodology. Section 3
quantifies the effect of conditional risk on estimates of alpha for major
risk factors. Appendix A provides additional tests using managed port-
folios as tests assets. The section also considers conditional risk with
respect to other risk factors. Section 5 discusses the results in relation
to previous implementations of conditional factor models. Section 6
concludes.

1. Theory

In this section, we first introduce the conditional CAPM and define
terms in Section 1.1. We next discuss the plausible effect of conditional
risk on equity factors in Section 1.2. In Section 1.3, we introduce
conditional-risk factors that researchers can use to quantify conditional
risk when observing conditional market risk premia and variance.
These risk factors also allow for precise estimation of the contribution
of market and volatility timing.

1.1. Conditional risk in the CAPM

The conditional CAPM is the following statement:

cov, (r )
11
E, [ #E ("1 (€]
T+l t+l
var, (rH_1
where 7 | | is the excess return to asset i between period ¢ and ¢+ 1, with

t+1
m indexing the market, and E, is the conditional expectation at time 7.

To quantify the conditional risk in the CAPM, note first that taking
unconditional expectations of (1) gives

Elr ,+1]—E[ﬁ,]E[r,+1]+C0V(ﬁ,,E[r,+,]) (2)
We show in the Appendix that the average beta can be written as
5 var, (7" )
Elp]=f~cov( i ——=L ®)
var(rm)
where F"’ = r;'jrl - E,[r M] is the shock to the market portfolio and
_cov(r )
ﬂ I+l t+l (4)
var(rH_l)

is the asset’s unconditional shock-beta. Inserting (3) into (2) gives

E[r, 1= BEL, 1]+cov(ﬂ,,E[rt+l]—bvar,(FtH)) (5)

Conditional Risk
where the covariance term summarizes the conditional risk and
E[r] ]
= var(:rl ) ©®
1+1
is the unconditional price of risk. The expression intuitively conveys
what conditional risk is: conditional risk is the tendency for an asset to
have a higher conditional beta when either the conditional market risk
premium is high or the conditional market variance is low. Lewellen
and Nagel (2006), and the literature in general refers to these terms as
market and volatility timing.

The expression for conditional risk in (5) features conditional betas,
but we do not need to observe these conditional betas to calculate
conditional risk: we only need the part of conditional betas that is
spanned by the conditional market risk premium and variance. In fact,
there is an intuitive factor representation that captures the effect of
time-varying betas. Defining the conditional risk factor as

Crv1 = ;:11([% -b) (2]
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where
_ Er,

b, =

)

var, (rr+1

is the conditional price of risk, we show in the Appendix that can write
the covariance term for conditional risk in (5) as

cov (B; E,[r" |1 - bvar, (7" ) = cov(rl, 5 cipp) 8)
and therefore write Eq. (5) as

E[F

Fo) = BEL 1+ cov(rl, se) 9
|

Conditional Risk

Eq. (9) shows that the impact of conditional risk on unconditional
expected returns can be completely summarized through the covariance
with a conditional risk factor. This factor is akin to a market timing
strategy that is more exposed to the shock to the market when the con-
ditional risk price of risk is high relative to the unconditional average.
Section 1.3 further expands on how one can use conditional-risk factors
to capture conditional risk in unconditional implementations of factor
models. Before doing so, we quantify the plausible effect of conditional
risk on unconditional risk premia.

1.2. How much can conditional risk explain? revisiting Lewellen and Nagel
(2006)

The expression in Eq. (5) shows that conditional risk is the sum of
two components: (1) the unconditional covariance between conditional
betas and conditional market risk premia and (2) the unconditional
covariance between conditional market betas and conditional variance,

E[r M] PEL, 1= cov (B,; E [, 1 - bvar,(7, ) (10)
—COV(ﬂI’E[rrH]) + cov (B,; —bvar, (rm)) a1

Market timing Volatility timing

The expression states how much of the unconditional return pre-
mium on a given asset can be accounted for by conditional risk. The
amount explained by market timing is determined by the volatility
of conditional market betas, the volatility of the conditional market
risk premium, and the correlation between the two. Similarly, the
amount explained by volatility timing is determined by the volatility
of conditional market betas, the volatility of the conditional market
variance, the correlation between the two, and the unconditional price
of risk b.

To quantify the effect of conditional risk, we first examine how
much these conditional moments may vary over time. Recent work
by Kelly and Pruitt (2013) and Martin (2017) suggests that the market
risk premium is “extremely volatile”, even at very short horizons. Mar-
tin finds that the volatility of the monthly horizon market risk premium
is around 0.4%. These results are obtained in the post-1996 sample,
which is the period where the option prices studied by Martin are
available. In our paper, we instead focus on the measure by Kelly and
Pruitt (2013), which we describe in detail in the upcoming Section 2.1.
The market risk premium coming from this measure similarly has a
standard deviation of 0.4% in the post-1996 sample. In the full sample,
the standard deviation is 0.35%, reflecting a slightly less volatile equity
premium in the earlier parts of the sample.

To understand how these estimates relate to previous estimates,
Fig. 1 plots the expected return from the Kelly and Pruitt-measure along
with a traditional estimate of expected returns. The traditional estimate
is the inverse of the CAPE ratio plus the expected inflation from the
Michigan survey. The figure shows that the measure from Kelly and
Pruitt (2013) is notably more volatile than the estimate from the CAPE
ratio. The Kelly and Pruitt-measure has a standard deviation of 0.5%
in this sample, whereas the measure from the CAPE has a standard
deviation of only 0.3%. The two estimates comove substantially over
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Fig. 1. Time-variation in the market risk premium. This figure shows two measures of the (annualized) market risk premium. The solid blue line shows the estimate obtained
using the methodology in Kelly and Pruitt (2013). The dotted green line is expected returns estimated as the inverse of the CAPE ratio plus expected inflation on the 10-year
horizon from the Michigan survey. The figure shows the equity premium as of December each year between 1982 (starting date of Michigan survey) and 2022 in the US.

time, with a correlation of 0.5. Importantly, there is much more short-
horizon variation in the measure by Kelly and Pruitt. This short horizon
makes it important to use methods that can capture the effects of such
short-horizon variation in market risk premia.

LN consider the possibility that the volatility of the equity premium
is as high as documented above. In their calculations, they consider
a volatility of the equity premium as high as 0.5%. In this sense,
the new sample does not lead to substantially higher estimates of the
volatility of the market risk premia than those entertained by past
research. However, as Fig. 1 shows, this volatility was historically
considered to come from long-run fluctuations in expected returns (see
also discussion in Campbell and Cochrane 1999), meaning conditional
risk could only matter over regressions with long samples. The new
estimates, however, suggest substantial variation over short horizons,
which means that conditional risk can matter even in short-period
regressions and that one must, when estimating conditional risk, use
methods that can capture the effects of such short-horizon variation in
market risk premia.

We next consider how much conditional betas may vary over time.
We use two estimates of conditional market betas: conditional rolling
betas (calculated using the Fama and French (1992) method) along
with conditional betas using the state-of-the-art machinery from Kelly
et al. (2021). Fig. 2 Panel A plots a histogram of the time-series
volatility in these betas across firms. The figure shows that the volatility
of conditional betas is around 0.2 on average when using the Kelly et al.
(2021) betas and 0.3 when using rolling betas. However, we cannot rule
out a substantially higher variation for subsets of stocks. Considering
the volatility of strategy-level betas yields roughly similar results.

While Kelly et al. (2021) betas are not more volatile overall than
rolling betas, they vary more on the very short horizon for the median
firm. To visualize this, Fig. 2 Panel B plots the standard deviation of
monthly changes in betas. Here, the volatility of Kelly et al. (2021)
betas for the median firm is above that obtained using rolling betas. The
average volatility of the changes is, however, fairly similar across the
two measures. In addition, Kelly et al. (2021) show that the variation in
betas is not idiosyncratic across firms and can translate into substantial
variation in factor portfolios. Taken together, the new research does not
change our estimates the of volatility of the conditional market betas,
but they highlight that the betas can be volatility on the very short
horizon, meaning the methods we use to test for conditional risk must
be able to account for such variation.

In Table 1, we study how much market and volatility timing can
plausibly influence estimates of required returns in the CAPM. We

calculate conditional risk for a range of different values of the volatil-
ity of conditional moments, motivated by the discussion above. We
first consider the effect of market timing. In our first calculations,
we consider a correlation between conditional betas and market risk
premia of 1 to obtain an upper bound on the effect of market timing.
Assuming that the volatility of market risk premium is 0.6 and the
volatility of market betas is 0.4, which is at the very high end based
on the discussions above, conditional market timing can account for
2.9 percentage points of annual return on the strategies. This is a
substantial amount, given that the average factor in the Fama and
French model has an unconditional CAPM alpha of 3.7 percentage
points per year (and given the unconditional equity premium of 5 to
6 percentage points).

We next consider volatility timing. The impact of volatility timing is
given by the negative covariance between conditional market betas and
conditional market variance, multiplied by the unconditional price of
risk b. Empirically, this price of risk is around 2.5. Because variance
and risk premia vary roughly by the same amount over time, the
multiplication on the volatility timing term leads to a higher potential
effect of volatility timing than expected return timing. Table 1 shows
that, assuming a correlation of —1 between conditional betas and
variance, volatility timing may explain as much as 7 percentage points
of annual return under the most aggressive assumptions. This is large
in magnitude, larger than the alpha to most risk factors, and similar
to the equity risk premium itself. These estimates are consistent with
those in Boguth et al. (2011).

As a novel part of the quantification, we consider the joint effect
of market and volatility timing. When considering the joint effect of
market and volatility timing, a key determinant is the correlation be-
tween the conditional market risk premium and variance. If the two are
perfectly correlated, then market and volatility timing must counteract
each other: any asset that loads positively on market timing must load
negatively on volatility timing. However, if the two are imperfectly
correlated, or even uncorrelated, the two effects need not counteract
each other. As we shall see in the upcoming empirical analysis, the
conditional market risk premium and variance are close to uncorrelated
under our main measure, meaning the two need not counteract each
other.

To estimate an upper bound on the joint impact of market timing
and volatility timing, we relax the assumption of a perfectly positive
correlation between betas and market premia and a perfectly negative
correlation between betas and variance. We instead assume that the
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0.2 T

[ TRolling window betas
[ IKelly, Moskowitz, and Pruitt (2021) betas |

o

Y

~
T

o

e

N
T

0.08 -

Percentage of stocks
o

0.06

0.04 .

0.02 [

0 0.05 0.1 0.15 0.2

0.25 0.3 0.35 0.4

U(ﬂ/, — B 1)

Fig. 2. Standard deviation in levels and changes of conditional betas. For each stock, we compute the monthly horizon conditional market beta in two ways: (1) using a five-year
rolling window to compute the CAPM beta or (2) using the IPCA method of Kelly et al. (2021). For each stock, we use the conditional betas to compute the unconditional standard
deviations of the levels and changes in the betas. Subfigure (a) shows the distribution of the unconditional standard deviation of the levels in the conditional betas for individual
stocks. Subfigure (b) shows the distribution of the unconditional standard deviation of the changes in the conditional betas. The sample is US 1963-2014.

correlation between conditional betas and conditional market risk pre-
mia is 0.5 and similarly that the correlation between conditional betas
and conditional variance is —0.5. We note that under such a correlation
structure, the conditional market premia and conditional variance can
remain uncorrelated.

Table 1 Panel B shows the joint effect of market and volatility
timing, i.e. conditional risk, under the above assumptions. Based on
the exact assumptions about the variance of conditional moments, we
see conditional risk explains up to 5 percentage points. This is almost
the entire equity premium, emphasizing that conditional risk can, in
theory, be a quite powerful force.

Another way to illustrate the potential importance of conditional
risk is by comparing the Sharpe ratios of the market and a managed
market portfolio for the market. If there is substantial variation in
expected returns and variance, and if the variations in these objects
do not offset each other, we should expect substantial Sharpe ratio
gains from timing the market (Moreira and Muir, 2017). We indeed
find that such market timing leads to substantial Sharpe ratio gains.
When scaling the position in the market by the ratio of the conditional
market risk premium to the conditional variance, we obtain a portfolio
that has a Sharpe ratio of 0.68 in our sample. In comparison, the market
has a Sharpe ratio of 0.34 in our sample. Incorporating the information
in the conditional moments thus expands the mean—-variance frontier
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Table 1
Unconditional alphas implied by the conditional CAPM.

Panel A: Upper bounds for market timing and volatility timing

Market timing Volatility timing

°r, Ovar,
g =1 0.2 0.4 0.6 Ppwar, =~ 1 0.2 0.4 0.6
0.2 0.24 0.48 0.72 0.2 0.60 1.20 1.80
o 0.3 0.72 1.44 2.16 o 0.3 1.80 3.60 5.40
0.4 0.96 1.92 2.88 0.4 2.40 4.80 7.20

Panel B: Joint effect of market and volatility timing

OF, Oar,
Cpar, = 0.5 0.2 0.4 0.6 op, =05 0.2 0.4 0.6
0.2 1.74 1.98 2.22 0.2 1.20 1.80 2.40
oy, 0.3 2.61 2.97 3.33 o, 0.3 1.80 2.70 3.60
0.4 3.48 3.96 4.44 0.4 2.40 3.60 4.80

This table reports the unconditional alphas in annual percentage points implied by the conditional CAPM for varying values of: (1) o, the
unconditional standard deviation of the conditional expected excess return on the market, (2) o,,, , the unconditional standard deviation of the
conditional variance of the market, and (3) o5 the unconditional standard deviation of the condmonal CAPM beta. The correlations between
the conditional CAPM beta and the conditional market risk premia and variance are denoted by pj ; and pj .. The unconditional alpha in
the conditional CAPM is given by:
a' = cov, ([3,, E;) = bxcov, (B, var,),

where b is the ratio of the unconditional market risk premium to the unconditional market variance. Panel A reports the unconditional alphas
when considering either the market timing strategy, cov, (8,, E, ), or the volatility timing strategy, —bcov, (f,, var,), in isolation. Panel B reports
the total unconditional alpha when combining the market and volatility timing effects. In Panel B, we set p; = —p, ,,, = 0.5. In the left
part of Panel B, we set o, = 0.5 and compute the unconditional alpha for a range of unconditional standard deviations of the conditional
market risk premium and betas. In the right part of Panel B, we set o, = 0.5 and compute the unconditional alpha for a range of unconditional
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standard deviations of the conditional market variance and the betas. All returns are measured in annualized percentage points.

substantially, highlighting the scope of conditional risk to help explain
anomalies.

In conclusion, the above estimates suggest that conditional risk
can, in principle, account for a large fraction of risk premia. Under
a sufficiently strong correlation structure, the variation in conditional
moments appears large enough that it can generate substantial condi-
tional risk. Whether the correlation structure is such that conditional
risk matters is thus ultimately an empirical question. We will em-
brace this question in the upcoming sections. We note, based on the
discussions above, that properly accounting for conditional risk will
require methods that allow us to account for the potential impact of
high-frequency variation in conditional risk.

Finally, we emphasize that we use largely similar assumptions as
LN. The main reason we differ in our conclusions is that we consider
that market timing and volatility timing both contribute positively to
conditional risk. We will present evidence of this assumption in the
upcoming empirical section. Moreover, there is a slight difference in se-
mantics between our studies: We focus on the impact of conditional risk
on factor premia, in which case a potential impact of 2.9 percentage
points from market timing is economically meaningful - particularly
considering that the equity premium is likely around 5 percentage
points and the average Fama and French factor has historically had
an unconditional alpha of 3.7 percentage points. LN, however, focuses
on whether conditional risk can explain all of the alpha on the value
premium, in which case the effect of market timing is indeed too small.

1.3. Conditional risk factors

This section introduces a set of conditional risk factors that can
help researchers account for conditional risk. We also introduce risk
factors that allow us to explicitly estimate the role of conditional risk
premia and conditional variance in generating conditional risk (i.e. split
conditional risk into expected return and volatility timing).

1.3.1. Conditional risk in the CAPM

We can arrive at the above expression for conditional risk more
easily if we use the stochastic discount factor language instead of the
beta language. The stochastic discount factor approach is also useful
when generalizing the results to a multi-factor model.

The stochastic discount factor of the conditional CAPM? is
1 Ly om

myy = R_{ - R_zf Fiel 12)

which can be written as

Myt = RL{ - thf - RL{_(b, - by, a3

The law of one price implies that

0= Elmyr, 1= E[R my,r ] a4

By the law of iterated expectations, we have

0= E[R mH_erH] (15)
= Elrl, |1+ cov(r, R/ m,,,) (16)

meaning that

Elr, 1= cov(4+1,R m,p) a7n

= ﬂE[rm] + cov(r;H;c,H) (18)

Conditional Risk

which is the same expression as in (9). In the following section, we
use the stochastic discount factor language to more formally derive a
multi-factor model with conditional risk.

1.3.2. Conditional risk in factor models
We now derive a general statement for conditional risk in factor
models. Consider the class of factor models captured by the following

2 The notation for the stochastic discount factor for the CAPM in expression
(12) differs slightly from the one usually used. Cochrane (2001) uses

m., = A, +BRY,

where 4, =1 /R,f —B,E[R] +]] and B, = -b, /R,f . But this expression is of course
the same as ours:

1 1 | -
My = A+ B R1+1 = R — *+B5 (R1+1 E [Rx+1J) =7 _fbt’m'

t 1 t
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stochastic discount factor for k = 1, ..., K traded risk factors:

My = — f 2 ;“;:_1 19)
R, R; k=1

where

# p k

Fin =T~ Eilry ] (20)

and

bk E [rt+1]

! Var,(rt )

is the time r shock and price of risk for factor k. The expression in (19)
can be rewritten as

K
1 .
My = R Z b7 r+1 - _f Z - bk)rr+l @D
R, k=1
where b* is the unconditional price of risk for factor k
k
Bk = Elr t+l]
var(rH_l)

By applying the law of one price and taking unconditional ex-
pectations, we can state an unconditional model that incorporates
conditional risk. Before doing so, we define the conditional risk factors
k _ak (pk_ pk
Cre1 = rr+1(br = b%).

Proposition 1 (Conditional Risk in Factor Models). The unconditional
expected excess return on an asset i is given by

K K
[, 0= B ak+ Y plak (22)
k=1 k=1
where
5k COV(VH_I ’ r+1)
pr=— 2 E[r1+1] 23
var(rt )
cov(r ; )
ﬂf = ﬁ’ j' = V(U'(CH_]) (24)
var(ct +1)

In the factor model above, each factor k is represented by two
betas: one for its unconditional risk and the other for its conditional
risk. These factors capture all of the unconditional expected return
implications of the stochastic discount factor in (19). The following
proposition summarizes the properties of the conditional-risk factors
and their betas.

Proposition 2 (Properties of Conditional Risk Factors and Betas). 2.a
(zero mean factors): The means of all conditional-risk factors are zero:

E[F Elc (25)

r+1] - r+1] -

2.b (uncorrelated factors): For each factor k, the return and shock to the
risk factor is uncorrelated with the conditional risk factor:

cov(rk cov( (26)

t+l’ t+l) I+1’ t+1)

2.c (shock betas for the factors): The factor k has a loading of one on its
own shock:

cov(r ; )
1+1 I+] =1 (27)
var(i¥ 1)
2.d (constant-beta equivalence): If an asset j has a constant conditional beta,

the expected return is given by the usual unconditional beta. That is, if

)

cov,(
=c (28)

t+1’ r+1

)

Varf(rm

ff=p and pF=0 (29)
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While Proposition 1 allows for the estimation of a k factor model,
we will focus on the one-factor CAPM model in most of the empirical
analysis. We do so because the conditional risk with respect to the
market portfolio has the most tangible interpretation and because the
market factor is the most widely used factor. However, we extend the
analysis in Section 4.2 to also cover multi-factor models.

1.3.3. Expected return and variance timing

Recall that conditional risk comes from covariance between condi-
tional betas and two terms, namely the conditional expected returns
and conditional variance (multiplied by a constant):

E[r

') =BEL 1+ cov (B,; E, [

r+1] - bvart(?wl)) (30)

Conditional Risk

The conditional risk factors introduced above allow one to estimate
the net impact of these two terms. We next introduce two factors
that allow one to effectively separate the two terms. In particular,

we decompose the kth conditional-risk factor into two parts, ka+1 =

c + 1 +c* ] +1, where we define the two factors as
[k
k e ~k 1+1
= b — —— 31)
Cor1 = i < Var,(rm))
kv — gk [ p i (32)
1+1 l+| Vart(rt+l)

These two conditional-risk factors can be used to summarize how con-
ditional betas of test assets covary with expected returns and variance
for factor k, as summarized in the next proposition.

Proposition 3 (Market and Volatility Timing). The effect of market timing
and volatility timing can be captured by the uncondiﬂ'onal covariance

between expected excess return on asset i and the two factors c and ct " 1
cov(rm; r+1) = cov (ﬂ E [rr+1]) (33)
cov(r!, |3 r+1) = cov (B; —bvar,(7, ) » €D

with total conditional risk given by the sum of the two covariances.
2. Methodology

In our empirical analysis, we control for conditional risk by includ-
ing a number of conditioning variables in our regressions. Motivated
by the theory section above, we include estimates of the conditional
market risk premium, the conditional variance, and conditional betas.
If we observe these variables perfectly, we can use the conditional-risk
factors from Proposition 1 and need not include conditional betas or
the conditional variance and market risk premia in isolation. However,
given that our measures of these inputs are likely to be imperfect, we
include both the conditional betas and conditional market moments
to ensure that we capture as much conditional risk as possible. More
precisely, we implement the following time-series regression for each
asset i:

Mkt

i
r t+1

=t ayME g MR E 4 g MK vy +a4ri\f_1;tﬁ; + €41 (35)

t+1 t+l

We outline our estimation strategy for conditional market betas, risk
premia, and variance below.

2.1. Identifying conditional moments

In order to estimate our factor model, we must estimate the condi-
tional mean and variance of the factors. In this section, we outline the
identifying assumptions we rely on in doing so.

To estimate the conditional market risk premium, we use the three-
pass estimator suggested by Kelly and Pruitt (2013). The estimator uses
the cross-section of valuation ratios to estimate the expected return. By
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Table 2

Summary statistics.
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Exchange Starting Median number Mean weight in Market risk premium R? in predictive regressions
year of firms global portfolio
St. dev Average Variance Returns Excess returns

AUS 1994 1733 0.018 0.192 8.0% 0.462 0.002 0.004
AUT 1992 90 0.007 0.185 3.5% 0.441 0.020 0.020
BEL 1991 157 0.009 0.175 8.0% 0.419 0.017 0.017
CAN 1986 484 0.023 0.161 6.7% 0.516 0.010 0.011
CHE 1991 268 0.027 0.149 7.9% 0.328 0.025 0.022
DEU 1991 1208 0.084 0.174 5.0% 0.379 0.010 0.009
DNK 1992 165 0.005 0.182 9.0% 0.375 0.013 0.014
ESP 1991 154 0.014 0.204 6.7% 0.384 0.005 0.002
FIN 1991 140 0.004 0.242 12.1% 0.530 0.032 0.027
FRA 1991 766 0.044 0.191 6.6% 0.433 0.012 0.011
GBR 1988 2105 0.162 0.162 4.4% 0.381 0.013 0.015
HKG 1995 1209 0.052 0.212 10.9% 0.380 0.005 0.005
IRL 1995 51 0.002 0.231 6.0% 0.339 0.023 0.015
ISR 1996 369 0.002 0.206 8.4% 0.353 0.008 0.007
ITA 1992 279 0.018 0.203 3.9% 0.389 0.000 0.000
JPN 1989 3612 0.146 0.197 0.7% 0.227 0.003 0.011
NLD 1991 160 0.017 0.181 7.7% 0.469 0.039 0.032
NOR 1991 244 0.004 0.231 8.8% 0.454 0.022 0.022
NZL 1999 131 0.003 0.198 7.9% 0.437 0.017 0.020
PRT 1997 56 0.002 0.214 4.3% 0.370 0.011 0.009
SGP 2000 699 0.009 0.170 8.0% 0.398 0.057 0.061
SWE 1991 380 0.012 0.220 8.4% 0.433 0.014 0.015
USA 1964 4656 0.420 0.174 6.3% 0.196 0.007 0.013
WOR 1990 19698 1.000 0.146 5.3% 0.188 0.013 0.015

This table reports summary statistics for the 24 exchanges in our sample. Our sample consist of the union of all U.S. common stocks on CRSP tape
(“shred” equal to 10 or 11) and all global stocks in the Xpressfeed global database (“tcpi” equal to 0). The expected market risk premium is calculated
using the Kelly and Pruitt (2013) estimator. Expected variance is calculated using an AR(1) regression. All returns are in USD. The standard deviation
of the market risk premium is annualized. The market risk premium is in annual percent. The R? is based on monthly regressions. Outside the U.S., we
use the global measures of expected return and variance in all samples. Returns are total log returns. Excess returns are simple returns in excess of the

risk-free rate.

using the cross-section of valuation ratios rather than just the valuation
ratio for the market, it is possible to separate the effect of expected
growth rates and expected discount rates. Accordingly, the methodol-
ogy consistently recovers the conditional market risk premium based
on two simple identifying assumptions: (1) the expected log return and
log growth rates are linear in a set of latent factors, and (2) these factors
evolve according to a first-order vector autoregression.

We rely on the Kelly and Pruitt estimator for multiple reasons. Most
importantly, the method is proven to predict the one-month expected
market return well both in- and out-of-sample, and it is proven to work
in both the U.S. and internationally. Indeed, Kelly and Pruitt (2013)
show that the estimator predicts the one-month expected return on
the U.S. market portfolio with an R? of 2.38 in-sample and 0.93 out-
of-sample, and it predicts the global market portfolio with an R? of
1.5 out-of-sample. In addition, the estimator consistently recovers the
market risk premium under assumptions that are consistent with the
null hypothesis we test against when we are testing for conditional risk.

The estimator by Kelly and Pruitt (2013) is a three-stage estimator
that extracts the conditional market risk premium using information
from the cross-section of book-to-market values. By first estimating the
sensitivity of valuation ratios of different portfolios to changes in ex-
pected returns, the methodology afterwards aggregates the information
into a single estimate of expected one-period stock returns.

With respect to the variance, we similarly assume that the market
variance evolves according to a first-order autoregression. We rely
on this assumption because it is transparent and in line with re-
cently published papers revolving around time-varying variance, such
as Campbell et al. (2018).

2.2. Data

Our sample consists of 75,274 stocks covering 23 countries between
January 1964 and December 2022. The 23 markets in our sample corre-
spond to the countries belonging to the MSCI World Developed Index as
of December 31, 2018. We report summary statistics in Table 2. Stock

returns are from the union of the CRSP tape and the XpressFeed Global
Database. All returns are in USD and do not include any currency
hedging. All excess returns are measured as excess returns above the
U.S. Treasury bill rate.

We study conditional risk in each country in our sample, a broad
global sample, and an international sample. Our broad sample of global
equities contains all available common stocks on the union of the CRSP
tape and the XpressFeed Global database. Our international sample
excludes U.S. firms from the global sample. For companies traded in
multiple markets, we use the primary trading vehicle identified by
XpressFeed. Our global sample runs from June 1990 to December 2022,
based on factor availability on Ken French’s website. In some individual
countries, we start our sample earlier if data is available (see Table 2
for an overview of country-level start dates).

For the U.S. and global samples, we download all risk factors except
betting against beta from Ken French’s webpage. For other samples, we
construct our own version of these risk factors.”> We use the version of
betting against beta from the authors’ webpage.*

The Kelly and Pruitt (2013) estimator takes as input portfolios
sorted on size and book-to-market. In the U.S., we use 100 portfolios
sorted unconditionally on size and book-to-market from Ken French’s
website. In the global sample, we similarly create 100 portfolios sorted
unconditionally on size and book-to-market. In the individual inter-
national countries, we create 25 portfolios sorted first on size and
then conditionally on book-to-market.> We use only 25 portfolios and
conditional sorts because some of the countries have few firms at the
beginning of the sample and the conditional sorts into 25 portfolios
helps ensure an adequate number of firms in each portfolio.

3 We use the methodology of Asness and Frazzini (2011) for constructing
Fama and French portfolios outside the U.S., although we use the traditional
Fama and French measure of value.

4 https://www.aqr.com/Insights/Datasets.

5 Note that, unless stated otherwise, we use global risk factors on the
right-hand side except in the U.S.
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We calculate monthly variance as the sum of squared daily residuals
over the month with a degree of freedom adjustment for the estimation
of the mean.

n
van(#y) = —— h DG (36)
i=1

where n is the number of trading days in the month. The estimation
assumes that the expected return is constant during each month.
The expected time 7 variance is then calculated as:

var, (7" ) = 6 + 0,var,_, (7" 37

where 0, and @, are parameter estimates from the following regression:

VA, (7" ) = 6y + 0, Var,_, (F") (38)

We rely on in-sample estimations for the expected variance, but
the results are generally robust to using out-of-sample estimates of the
variance as in Bollerslev et al. (2009).

Finally, in order to estimate the betas of a given portfolio, we use
what Boguth et al. (2011) refer to as lagged-component betas. These
are estimated as the portfolio-weighted average of the ex-ante beta of
the stocks in the portfolio. We follow Fama and French (1996) and use
60 months of monthly returns to calculate betas on individual stocks.®
See Boguth et al. (2011) for details.

3. Conditional risk in major risk factors

In this section, we study the effect of conditional market risk on the
major risk factors studied in the literature. We first study the behavior
of our estimates of conditional market moments before quantifying the
impact of conditional risk.

3.1. Variation in conditional moments of market returns

Table 2 offers summary statistics of the 23 exchanges in our sample
along with the international and global samples. The first three columns
show the starting year of the sample, the time-series median number
of firms, and the time-series average weight of the given country in
the global portfolio. The U.S. has a high average weight in the global
portfolio, but this is in part driven by the early years where the
U.S. constitutes most of the sample. The weight of the U.S. market
is downward trending throughout the sample and towards the end of
the sample, the weight of the U.S. is closer to .2. The fifth and sixth
columns in Table 2 show the average standard deviation and market
risk premium in annualized terms.

The last three columns of Table 2 show the R? of the expected vari-
ance and return to the market portfolio. Regarding the variance, the R?
is generally around 20% to 50%, with the U.S. and the global portfolio
being on the low end. This high R? corresponds to previous studies on
predicting variance (Bollerslev et al., 2009, 2016), suggesting that the
simple AR(1) method for predicting variance works well.

The two last columns of Table 2 summarize the R? of the expected
return on the market portfolio. The first column shows the R? of the
expected log return to the market portfolio, which is what the Kelly
Pruitt estimator extracts. The last column shows the expected excess
returns, which are calculated under the assumption of log-normally
distributed returns by adding one-half the conditional log-variance to
the log-return, taking the exponential, and subtracting the risk-free
rate.

® An exception is for BAB, where we use the Frazzini and Pedersen (2014)
betas, which means the conditional beta is always zero (the strategy is hedged
ex-ante to have a zero beta). Using Fama and French betas means betas are
not exactly zero, although conceptually they should be.
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The table shows that the R? for the excess returns in the U.S. and the
global sample is 1.3% and 1.5%, which is around the same as reported
by Kelly and Pruitt (2013). Internationally, the R? varies between
0.02% to 3.5%, with the median being 1.5%. The results reported by
Kelly and Pruitt for the U.S. and global sample thus appear to extend
to most individual exchanges.

The expected variance and market return are used to calculate
the relative price of risk b, — b, which is an important input for the
conditional-risk factors used in Section 3.4. Fig. 3 visually inspects this
relative price of risk in the U.S. (Panel A) and the global sample (Panel
B). The price of risk varies substantially on both the short and long
horizon. The substantial short-horizon variation in the price of risk
underlines the importance of using a forward-looking measure of the
price of risk. Indeed, an alternative to our approach is to implement
the conditional CAPM over short horizons for which the price of risk
is assumed to be constant. If daily data are available, the horizon is
often around three to six months, and if daily data are not available,
the horizon is substantially longer. The price of risk in Fig. 3 exhibits
substantial variation over these horizons, which, if statistically signif-
icant and not driven by forecast errors, challenges this nonparametric
approach.

The price of risk in Fig. 3 also shows the substantial long-run
variation that appears linked to economic conditions. In the U.S. in
particular, the price of risk tends to be the highest in the years after
economic recessions. The price of risk peaks a few years after the
recessions in 1973-1975, 1981-1982, 1990-1991, 2001, and 2007-
2009. On the other hand, the price of risk is lowest during the tech
bubble. The price of risk is also low during the onset of the financial
crisis. The low price of risk at the onset of the financial crisis appears
to run counter to the notion of counter-cyclical risk aversion, but it is
consistent with the findings in Moreira and Muir (2017). Moreira and
Muir argue that in the beginning of the financial crisis, and crises more
generally, the variance increases by more than the market risk premium
which causes the price of risk to go down.

3.2. Conditional risk in major equity risk factors

In this section, we quantify how much of the unconditional alpha to
major equity factors can be explained by conditional risk. We consider
six cross-sectional portfolios throughout the section: value (HML), prof-
itability (RMW), investment (CMA), momentum (UMD), betting against
beta (BAB), and the tangency portfolio (TAN) spanned by the market
and these five factors.

Table 3 Panel A shows the results of the U.S. sample. The first row
shows the unconditional CAPM alpha, revealing the well-known empir-
ical fact that these factors have substantial CAPM alpha. The next row
shows the intercept obtained from estimating the model in Eq. (35).
If our conditioning variables capture all the relevant variation in con-
ditional market risk premia and variance, this intercept is equal to
the average conditional alpha over the given sample. Controlling for
conditional risk lowers the alpha for all strategies.

In the rows below, we specify the conditional risk premia for
the different factors (in annualized terms). Conditional risk explains
between 38 basis points and 1.25 percentage points across the factors.
The t-statistics for these estimates are calculated using the methodology
in Boguth et al. (2011). The largest effect of conditional risk is for the
value factor, where conditional risk explains 27% of the unconditional
alpha.

In Panel B, we zoom in on our the post-1996 sample. We focus
on this period for two reasons. First, recent research suggests that
the equity premium may be particularly volatile during this period
(as can be seen in Fig. 1). Second, it represents essentially an out-of-
sample analysis relative to the original study by Lewellen and Nagel
(which ends in June 2001). When considering this sample period, we
find a substantially larger impact of conditional risk. For the value,



N.J. Gormsen and C.S. Jensen

Journal of Financial Economics 162 (2024) 103933

Panel A: U.S. conditional price of risk (b, — b)
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time series of the conditional price of risk minus the unconditional price of risk. The (conditional) price of risk is the

(conditional) market risk premium relative to the (conditional) variance. Panel A plots the price of risk in the U.S. sample and Panel B plots the price of risk in the global sample.

investment, and momentum factors, we find that conditional risk can
explain around 2% points of alpha.

The impact of conditional risk in Panel B is large relative to the
impact of market risk in general. The compensation is close to half the
market risk premium. Moreover, the compensation for conditional risk
is substantially higher than the compensation for unconditional risk.
The conditional risk and unconditional risk appear to work in opposite
directions. In fact, the raw average returns are substantially closer to
the true alpha of the factors than the unconditional CAPM alphas are.

The magnitude is also large relative to the unconditional alpha on
the factors. For instance, the 2 percentage points represent 83% of the
unconditional alpha on the HML factor. We note that the unconditional
alpha to the HML factor is insignificant in this sample even before
controlling for conditional risk. This is partly because value is slightly
weaker in the modern sample but of course also because the sample is
shorter.

For the other factors, conditional risk has a substantial impact as
well. For the investment factor, the alpha is cut almost in half and

10

becomes insignificant. For momentum, the impact on the alpha, relative
to the unconditional alpha, is more modest, although the momentum
factor also becomes insignificant.

Taken together, the above results from the U.S. sample empha-
size the importance of controlling for conditional risk when doing
performance evaluation.

To further illustrate the importance of conditional risk, Fig. 4 plots
country-level results for the value factor. The figure focuses on the
G10 countries, excluding Italy because the value factor has negative
unconditional alpha in this country. The figure plots the compensation
for conditional risk in the value factor in each country along with the
percentage of the unconditional alpha that is explained by conditional
risk. The compensation for conditional risk is as high as 2% in France,
Germany, and Sweden. This amounts to almost the entire value pre-
mium in France and Germany and more than the entire premium in
Sweden. This finding reaffirms one of the key points of the paper: there
is enough conditional risk in the data to potentially have a material
influence on estimates of alphas on major risk factors.
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Table 3
Conditional risk in equity factors.
HML RMW CMA UMD BAB TAN
Panel A: Full U.S. Sample
Alpha in unconditional CAPM 4.58 3.95 4.70 8.63 9.99 4.97
(2.67) (3.43) (4.54) (4.93) (5.11) (7.91)
Alpha in conditional model 3.33 3.57 3.80 8.05 8.95 4.24
(2.08) (3.55) (4.02) (4.61) (4.91) (7.87)
Compensation for conditional risk 1.25 0.38 0.90 0.58 1.04 0.73
(2.12) (0.85) (2.68) (0.67) (1.47) (1.98)
Fraction of alpha explained by conditional risk 0.27 0.10 0.19 0.07 0.10 0.15
Compensation for unconditional risk -0.86 -0.58 -1.04 -0.99 -0.33 0.58
Observations 708 708 708 708 708 708
Adjusted R? 0.11 0.15 0.22 0.29 0.03 0.30
Panel B: Post 1996 U.S. Sample
Alpha in unconditional CAPM 2.45 6.29 4.43 7.25 10.42 5.23
(0.77) (3.30) (2.50) (2.62) (2.92) (4.44)
Alpha in conditional model 0.43 5.62 2.61 5.19 9.19 3.76
(0.15) (3.33) (1.64) (1.75) (2.88) (3.81)
Compensation for conditional risk 2.02 0.68 1.82 2.05 1.24 1.47
(1.63) (0.77) (2.42) (1.19) (1.38) (2.25)
Fraction of alpha explained by conditional risk 0.83 0.11 0.41 0.28 0.12 0.28
Compensation for unconditional risk -0.48 -1.64 -1.17 -2.63 -1.74 0.17
Observations 324 324 324 324 324 324
Adjusted R? 0.15 0.22 0.26 0.32 0.10 0.25
Panel C: Global Sample
Alpha in unconditional CAPM 3.40 4.80 3.50 8.78 9.92 4.90
(1.48) (5.69) (2.29) (3.89) (4.36) (7.06)
Alpha in conditional model 1.71 4.90 2.48 8.70 8.96 4.47
(0.88) (6.10) (1.88) (3.86) (4.20) (7.35)
Compensation for conditional risk 1.69 -0.09 1.03 0.08 0.95 0.43
(1.89) (-0.25) (1.85) (0.09) (1.60) (1.67)
Fraction of alpha explained by conditional risk 0.50 -0.02 0.29 0.01 0.10 0.09
Compensation for unconditional risk -0.38 -0.55 -0.77 -1.54 -0.54 0.29
Observations 390 390 390 390 390 390
Adjusted R? 0.15 0.17 0.21 0.23 0.06 0.11

This table reports results from the evaluation of different equity trading strategies when controlling for conditional risk. We control for conditional
risk by including a number of conditioning variables in our regression: E,, the conditional market premium, var,, the conditional market variance,
and p!, the conditional beta of the factor. For each asset i, we implement the following time-series regression:
r;+1 = a + a,rr";']m- + azr/"z]'(TEt + a;r,"ilKTvar, + a_ﬂ'::’fTﬂ: +&4

where r,_, is the excess return to the risk factor i. TAN refers to the tangency portfolio spanned by the other five portfolios and the market.
“Compensation for conditional risk” is the difference between the unconditional CAPM alpha of the factor and the alpha stemming from the
regression above. “Compensation for unconditional risk” is the factor’s unconditional CAPM beta times the market risk premium. Alphas and
compensation for conditional risk are in annual percentage points. Below parameter estimates we report t-statistics based on Newey-West
standard errors. Statistical significance at the 5% level is indicated in bold. The Full U.S. sample is 1964-2022 and the global sample is

1986-2022.

We next turn our attention to our broad global sample. In Table 3
Panel C, we study the effect of conditional in our broad global sample
spanning 23 countries. We find very similar results to those in the U.S.
sample. All factors except profitability continue to load on conditional
risk, in the sense that controlling for conditional risk reduces the
estimated alpha.

The effect is again most pronounced for the value factor and the
investment factor. Controlling for conditional risk lowers the alpha
of HML by 50%. Similarly, controlling for conditional risk lowers the
alpha of CMA by 30% and makes the alpha insignificant. These findings
further highlight the ways in which controlling for conditional risk has
an impact on our estimates of the performance of the major risk factors.

We also study conditional risk in individual countries. In Table 4,
we report the impact of conditional risk on the tangency portfolio
in each country in our sample. For all but 3 countries, we find that
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controlling for conditional risk reduces the alpha of the tangency
portfolio (see also Fig. 5). The median effect of conditional risk is 58
basis points. However, in none of the countries considered is alpha for
the tangency portfolio insignificant, emphasizing the clear rejection of
the conditional CAPM.

3.3. Timing of expected returns and volatility

The previous section documents that conditional risk can have a
substantial impact on estimates of alphas on major factors. In this sec-
tion, we study to what extent these results are driven by market timing
or volatility timing — and whether the two reinforce or counteract each
other in the generation of conditional risk.

As discussed in Section 1.2, one may be worried that market tim-
ing and volatility timing counteract each other in the generation of
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Fig. 4. Compensation for conditional risk in HML for G10 countries. This figure shows the compensation for conditional risk and the fraction of the unconditional CAPM alpha in
HML that is explained by conditional risk in ten G10 countries. “Compensation for conditional risk” is the difference between the alpha of the unconditional CAPM and the alpha
of the conditional model in equation (41), measured in annual percentage points. HML is the Fama and French (1993) value factor. We exclude Italy because the value factor has

negative alpha in this country.

Table 4
Conditional risk around the world.
Exchange CAPM Conditional model Fraction explained by Compensation for Unconditional risk Observations Adjusted R2
conditional risk conditional risk premium
alpha 1-stat alpha t-stat
AUS 10.83 (7.68) 10.75 (7.39) 0.01 0.08 0.54 342.00 0.09
AUT 6.16 (3.34) 5.13 (3.06) 0.17 1.02 0.53 366.00 0.18
BEL 571 (2.80) 4.45 (2.33) 0.22 1.26 1.87 378.00 0.30
CAN 11.70 (6.10) 10.77 (6.45) 0.08 0.93 0.78 438.00 0.16
CHE 4.59 (3.94) 3.67 (3.69) 0.20 0.92 1.72 378.00 0.40
DEU 6.58 (4.75) 5.79 (4.60) 0.12 0.78 0.44 378.00 0.12
DNK 7.86 (5.26) 6.82 (4.37) 0.13 1.05 2.20 366.00 0.30
ESP 4.19 (3.49) 3.96 (3.35) 0.05 0.22 0.72 378.00 0.23
FIN 8.86 (4.29) 8.44 (4.41) 0.05 0.42 1.86 378.00 0.34
FRA 10.95 (5.42) 10.21 (5.83) 0.07 0.74 0.88 378.00 0.11
GBR 3.55 (2.72) 3.27 (2.60) 0.08 0.28 0.50 414.00 0.15
HKG 9.86 (3.84) 8.88 (3.83) 0.10 0.97 0.79 330.00 0.16
IRL 5.13 (2.47) 5.23 (2.54) —0.02 —0.10 0.86 330.00 0.25
ISR 11.28 (6.28) 12.15 (8.09) —0.08 —0.87 0.88 318.00 0.11
ITA 8.16 (4.82) 8.37 (5.10) —-0.03 -0.21 0.53 366.00 0.14
JPN 375 (3.69) 3.13 (3.62) 0.17 0.62 0.01 402.00 0.08
NLD 5.94 (4.66) 5.51 (4.38) 0.07 0.43 1.32 378.00 0.24
NOR 9.81 (4.90) 9.65 (4.86) 0.02 0.17 0.84 378.00 0.11
NZL 11.09 (8.50) 11.03 (8.23) 0.01 0.06 0.73 282.00 0.06
PRT 12.53 (4.51) 11.98 (4.23) 0.04 0.55 0.56 306.00 0.06
SGP 8.47 (5.32) 7.58 (5.13) 0.10 0.89 0.55 270.00 0.09
SWE 6.88 (3.38) 5.50 (3.37) 0.20 1.39 1.32 378.00 0.32
USA 4.97 (6.54) 4.24 (7.07) 0.15 0.73 0.58 708.00 0.30
WOR 4.90 (6.01) 4.47 (6.75) 0.09 0.43 0.29 390.00 0.11

This table reports results from the evaluation of the tangency portfolio (TAN) in the unconditional CAPM and in the conditional model across different exchanges. For each
exchange, we regress the monthly excess returns for the tangency portfolio on the shock to the market factor and the conditional model in equation (41) for the given exchange.
TAN refers to the tangency portfolio spanned the market and HML, RMW, CMA, UMD, and BAB. “Compensation for conditional risk” is the difference between the unconditional
CAPM alpha and the alpha of the conditional model. Alphas and compensation for conditional risk are in annual percent. We report t-statistics based on Newey-West standard

errors. Statistical significance at the 5% level is indicated in bold.

conditional risk. In particular, if the conditional market risk premium
and variance are perfectly positively correlated, market timing and
volatility timing will counteract each other and reduce the impact of
conditional risk. In such a setting, conditional risk is unlikely to have a
large impact on alphas. However, if the two moments are uncorrelated,
market timing and volatility timing need not counteract each other. In
fact, the two may work together to generate variation in conditional
risk.

To better understand how market timing and volatility timing work
together in the creation of conditional risk — and thus help assess the
overall scope for conditional risk in explaining equity returns — we
directly estimate the two terms using the conditional risk factors from
Proposition 3. Proposition 3 provides two precisely defined factors, for
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which the covariance between these factors and the test asset tells us
the exact impact of market timing and volatility timing. These factors
have the advantage that we can estimate the impact of market and
volatility timing without first estimating conditional betas.

Table 5 shows the loadings of the major risk factors on the market
timing and the volatility timing factors. The first asset we consider is
the value factor. The value factor loads positively on the market timing
factor but negatively on the volatility timing factor. This result suggests
that volatility timing cannot help explain the return to the value factor,
consistent with Lewellen and Nagel (2006).

For the other factors, however, we find positive loadings on both
the market timing factor and the volatility timing factor. This finding
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Fig. 5. Compensation for conditional risk around the world. This figure shows the annualized compensation for conditional risk in percentage points. We regress the tangency
portfolio (TAN) in each country on: (i) the unconditional CAPM and (ii) the conditional model in equation (41). The compensation for conditional risk is the difference between
the unconditional alpha and the conditional alpha. TAN refers to the tangency portfolio spanned by the five equity factors HML, RMW, CMA, UMD, and BAB along with the

market.

Table 5
Conditional risk in equity factors: Decomposing conditional risk.
HML RMW CMA UMD BAB TAN
Panel A: U.S. sample
Loading on conditional expected return factor 0.30 0.06 0.26 0.40 0.53 0.21
(1.92) (0.67) (2.77) (1.74) (2.43) (1.50)
Loading on conditional market variance factor -0.18 0.24 0.02 0.94 0.55 0.27
(-0.78) (1.86) (0.23) (3.10) (2.13) (2.29)
Panel B: Global sample
Loading on conditional expected return factor 0.64 0.00 0.46 0.06 0.57 0.15
(2.65) (0.57) (3.21) (0.79) (3.04) (0.86)
Loading on conditional market variance factor —-0.06 0.01 0.15 0.87 0.18 0.14
(-0.12) (1.08) (2.42) (2.67) (0.99) (1.04)

This table reports of estimates of market timing and variance timing for the major equity factors. For each of the test assets, we
regress the monthly excess returns on the factor capturing market timing and the factor capturing variance timing, as defined
in Proposition 3. A positive loading on these factors reflects that conditional betas for the test assets covary positively with the
conditional market risk premium or negatively with the conditional market variance, respectively. Below parameter estimates
of betas we report t-statistics based on Newey-West standard errors. Statistical significance at the 5% level is indicated in
bold. TAN refers to the tangency portfolio spanned by the other five portfolios and the market. The U.S. sample is 1964-2022

and the global sample is 1986-2022.

suggests that market and volatility timing contribute to conditional risk,
i.e., the two factors work together in generating conditional risk.

Table 6 reports similar results using rolling conditional betas instead
of the conditional risk factors. In this table, we regress the estimates
of conditional betas at a given time onto the estimate of conditional
market premia and conditional market variance. The slope coefficients
on the market risk premium are generally positive in the US sample,
and the coefficients on the variance are negative. This finding is con-
sistent with the idea that market and volatility timing work together
in generating conditional risk (a negative relation between variance
and betas translates into a positive effect on conditional risk). The
results are more mixed in the global sample, but this could reflect that
the methodology based on rolling betas does not perfectly capture the
behavior of true conditional betas.

3.4. Estimates using alternative methods

The above analysis suggests that conditional risk has a material
impact on conditional alphas, particularly in recent years. To ensure
that these conclusions are not driven by the specific implementation of
the conditional CAPM that we have chosen, we redo the analysis using
the methods in Lewellen and Nagel (2006) and Boguth et al. (2011).

13

3.4.1. Conditional risk using methods in Lewellen and Nagel (2006)

Lewellen and Nagel (2006) suggests estimating alphas as the aver-
age alpha across a long series of short-horizon regressions. The intuition
behind this method is simple: if betas are constant over the short
horizon on which the regression is estimated, the average alpha will
be an unbiased estimate of the true CAPM alpha of the test asset.

Lewellen and Nagel (2006) implement the short-horizon regressions
over various horizons, finding largely similar results across the hori-
zons. We consider here the annual horizon, which — unlike the shorter
horizons considered by the authors — has the advantage that it can be
implemented using monthly return data.

Table 7 Panel A reports the results in the post-1996 regressions.
The results are not too dissimilar to those obtained in our main spec-
ifications: conditional risk explains 1 to 3 percentage points of return
(annualized) across the different factors. For value, the estimates are
quite similar, with conditional risk explaining 83% of the unconditional
alpha. The main difference relative to our main specification is that
conditional risk has a large effect on profitability effect but a more
modest effect on momentum and investment. These differences could
potentially arise from an overconditioning bias identified by Boguth
et al. (2011).
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Table 6
Conditional risk in equity factors.
HML RMW CMA UMD TAN
Panel A: U.S. sample
Loading on conditional market risk premium 5.36 -8.57 12.04 4.02 3.03
(0.77) (-1.44) (2.28) (0.44) 1.14)
Loading on conditional market variance 1.62 -2.59 -8.30 -30.06 -7.34
(0.26) (-0.42) (-2.04) (-2.65) (-2.65)
Observations 702 702 702 708 702
Adjusted R2 0.01 0.01 0.05 0.03 0.05
Panel B: Global sample
Loading on conditional market risk premium 2.01 -6.97 —26.65 -7.82 -8.88
(0.41) (-2.29) (-0.97) (-0.80) (-1.37)
Loading on conditional market variance 2.93 12.77 25.33 —41.29 6.46
(0.27) (2.65) (0.62) (-3.18) (0.78)
Observations 384 384 384 390 384
Adjusted R2 0.03 0.04 0.07 0.02 0.02

This table reports the results when regressing conditional rolling window betas of equity factors onto the market risk premium

and the conditional market variance:
rolling windowp; = a' + a\ E, + ayvar, + ¢,

where B is the five-year rolling window CAPM beta of factor i, E, is the conditional market risk premium, and var,. The table
reports the parameter estimates a; and a,. Below parameter estimates we report t-statistics based on Newey-West standard
errors. TAN refers to the tangency portfolio spanned by the other five portfolios and the market. Statistical significance at
the 5% level is indicated in bold. The U.S. sample is 1964-2022 and the sample is 1986-2022.

Table 7
Conditional risk using other methods: short-window regressions.
HML RMW CMA UMD BAB TAN

Panel A: Post 1996 U.S. Sample
Alpha in unconditional CAPM 2.00 6.50 4.24 7.74 9.22 5.11
Alpha in conditional model 0.34 3.58 3.27 6.89 7.44 3.80
Compensation for conditional risk 1.66 291 0.97 0.85 1.78 1.31
Fraction of alpha explained by conditional risk 0.83 0.45 0.23 0.11 0.19 0.26
Panel B: Full U.S. Sample
Alpha in unconditional CAPM 4.47 3.98 4.65 8.96 9.10 4.88
Alpha in conditional model 2.27 3.29 3.43 7.98 8.26 4.05
Compensation for conditional risk 2.20 0.69 1.22 0.99 0.84 0.83
Fraction of alpha explained by conditional risk 0.49 0.17 0.26 0.11 0.09 0.17

This table reports results from short-horizon CAPM regressions. For each calendar year, we regress monthly excess return on
a given test asset on the monthly excess returns of the market portfolio. For each test asset, we average across the intercepts
estimates each year to get the average conditional alpha for the test asset. The unconditional CAPM alpha is the intercept from
a full-sample regression of excess returns to the test asset onto the excess returns on the market. The sample is 1996-2022
in Panel A and 1964-2022 in Panel B. All numbers are annualized.

We also consider the alphas in the full sample. As in our main
specification, the impact of conditional risk is smaller in the full sample.
But the conditional risk remains substantial. For the value factor,
conditional risk explains 50% of the unconditional alpha in the long
sample, again emphasizing a large role for conditional risk in the return
to the value strategy.

3.4.2. Conditional risk using methods in Boguth et al. (2011)

We next consider the methods of Boguth et al. (2011). Boguth,
Carlson, Fisher, and Simutin argue that using short-horizon windows
as Lewellen and Nagel (2006) potentially induces what they refer to as
an over-conditioning bias, which arises because small-sample estimates
of beta are different from the ex-ante expected beta. Instead, they use ex
ante betas as instruments to capture conditional risk. They propose both
a proxy approach and an IV approach. The proxy method constructs
an ex ante beta-estimate and estimates average conditional alphas as
the average difference between the realized excess returns and the
product of the beta and the realized market excess returns. The IV
method augments the usual CAPM regressions with the market returns
times a vector of ex-ante instruments, one of which is the lagged betas.
See Boguth et al. (2011) page 372 for details on the procedures.

The IV procedure used by Boguth et al. is very similar to our main
implementation. The only difference is in the choice of conditioning
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variables. The authors use conditional betas, like we do, along with
three measures of equity premia, namely the dividend-price ratio, the
risk-free rate, and the term premium. We instead use the measure
from Kelly and Pruitt (2013) to capture the conditional market risk
premium and we directly include the conditional market variance.
These choices are guided by the theory discussed in Section 1.

Our measure of conditional betas is what Boguth et al. (2011) refer
to as lagged-component betas. These are estimated as the portfolio-
weighted average of the ex ante beta of the stocks in the portfolio.
As explained earlier, we follow Fama and French (1996) and use 60
months of monthly returns to calculate betas on individual stocks.”

Table 8 Panel A shows the results in the post-1996 U.S. sample.
We again find a substantial impact of conditional risk on estimates of
alpha in this sample. For value, conditional risk explains the entire
risk premium. The effect is also large for the investment factor, with
conditional risk explaining 47% of the unconditional alpha in the
best specifications. The only factor for which the estimated alpha is

7 An exception is for BAB, where we use the Frazzini and Pedersen (2014)
betas, which means the conditional beta is always zero (the strategy is hedged
ex ante to have a zero beta). Using Fama and French betas means betas are
not exactly zero, although conceptually they should be.
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Table 8
Conditional risk using other methods: Boguth, Carlson, Fisher, and Simutin (2011).

HML RMW CMA UMD BAB TAN
Panel A: Post 1996 U.S. sample
Unconditional alpha 2.45 6.29 4.43 7.25 10.42 5.23
Conditional alpha (proxy) 0.91 5.94 2.66 5.87 10.42 4.37
Conditional alpha (simple IV) 0.92 5.97 2.75 5.52 10.42 3.98
Conditional alpha (full IV) 0.42 5.25 2.35 6.26 9.01 3.54
Fraction of alpha explained by conditional risk:
Proxy 0.63 0.06 0.40 0.19 0.00 0.16
Simple IV 0.62 0.05 0.38 0.24 0.00 0.24
Full IV 0.83 0.17 0.47 0.14 0.14 0.32
Panel B: Full U.S. sample
Unconditional alpha 4.58 3.95 4.70 8.63 9.99 4.97
Conditional alpha (proxy) 3.53 3.91 3.95 8.61 9.99 4.70
Conditional alpha (simple IV) 3.86 3.91 4.16 8.61 9.99 4.60
Conditional alpha (full IV) 3.14 3.46 3.79 9.53 9.70 4.58
Fraction of alpha explained by conditional risk:
Proxy 0.23 0.01 0.16 0.00 0.00 0.05
Simple IV 0.16 0.01 0.11 0.00 0.00 0.07
Full IV 0.31 0.12 0.19 —0.10 0.03 0.08

This table reports estimates of conditional risk in equity factors after hedging time-varying betas using the methods in Boguth
et al. (2011). When using the proxy method to hedge, we subtract from the factor the time-series of conditional betas times
the time-series of realized excess market returns. When using the IV method, we subtract from the factor the estimated betas in
the IV regressions times the time-series of the regressors. The simple IV regressions use only the lagged betas as instruments
and the full IV regressions use lagged betas, the dividend-price ratio, the risk-free rate, and the term spread. Below the
estimates we report t-statistics based on Newey-West standard errors. The U.S. and global samples run from 1964-2022 and

1986-2022.

substantially worse using the methods in Boguth et al. (2011) is the
betting against beta factor. These results emphasize the robustness
of our empirical finding that conditional risk materially influences
estimates of alpha in the recent period. For the full sample in Panel
B, the results are similar as when using our methods, although they are
slightly weaker.

4. Conditional risk in managed portfolios and multifactor models

The previous section documents a large role for conditional market
risk in explaining the returns to major cross-sectional risk factors. In
this section, we go beyond the tests of the major risk factors in the
conditional CAPM. In Section 4.1, we test whether the CAPM can
price managed portfolios. In Section 4.2, we explore the empirical
importance of conditional risk with respect to other factors than the
market.

4.1. Testing the conditional CAPM using managed factors

To go beyond the unconditional tests in Section 3, we next consider
managed versions of the major risk factors as test asset on the left-hand
side. For each test asset i, we consider the managed portfolio,

imanaged __ b_; x ri

t+1 b[ t+1°

These portfolios increase the position in the test asset when the asset
has a high conditional price of risk. We expect such timing to cause
the factors to have unconditional alpha with respect to the original test
asset. The upcoming analysis tests whether such unconditional alpha
can be explained by conditional market risk. We divide the managed
portfolios by the unconditional price of risk, such that the average
weight in the input portfolio is close to one (see discussion in Moreira
and Muir 2017).

To construct these managed portfolios, we need estimates of the
conditional expected return and variance on the test assets. We estimate
these moments in the same way we estimate the moments for the
market. That is, we estimate conditional variance assuming an AR(1)
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process and we estimate the conditional expected return using the
method by Kelly and Pruitt (2013) (see Section 2). These methods
predict moments fairly well in-sample as shown in Table A.1, although
the predictability of expected returns on the factors is slightly weaker
than that on the market reported in Table 2, particularly in the global
sample.

Table 9 reports results from two sets of regressions. In the first,
unconditional regressions, we estimate

i,managed

t+1 (40)

— U i m i
=a +ﬁ1rt+1 +ﬂ2rt+| L

In the second set of regressions, we estimate what we refer to as
conditional alphas. We do so by implementing our main specification
(Eq. (35)) augmented with the baseline version of the managed factor i
(that is, ";+1 ). For the managed version of the value factor, for instance,
we estimate its alpha in our baseline specification augmented with the
value factor.

The table shows that most managed portfolios have significant alpha
with respect to the market and the baseline portfolio. The uncondi-
tional alpha is significant for the momentum and betting against beta
factors. In general, the effect of conditional risk is fairly modest for
the conditional versions of the test assets. Controlling for conditional
risk lowers the alpha for value, profit, and momentum, but it increases
the alpha on betting against beta and profitability. The very strong
performance to the scaled momentum portfolio is consistent with the
findings in Barroso and Santa-Clara (2015). Overall, the results suggest
that a large part of the time-series variation in the conditional moments
of these factors is independent of the movement in the conditional
moments with respect to the market portfolio.

The results also emphasize an additional dimension along which the
conditional CAPM is rejected. We refer to Nagel and Singleton (2011)
and Roussanov (2014) for in-depth tests of the conditional implications
of the CAPM.

4.2. Conditional risk with respect to other factors

We next study conditional risk with respect to other risk factors
than the market. To do so, we estimate how much of the return on
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Table 9
Managed portfolios.
HML RMW CMA UMD BAB
Alpha in unconditional model 2.39 0.25 0.61 9.50 11.70
(1.41) (0.24) (0.48) (4.62) (7.09)
Alpha in conditional model 1.77 0.32 -0.07 8.55 11.97
(1.04) (0.32) (-0.05) (4.14) (7.22)
Compensation for conditional risk 0.62 -0.07 0.68 0.95 -0.27
Fraction of unconditional alpha explained by conditional risk: 0.26 -0.28 1.11 0.10 —-0.02
Observations 708 708 708 708 708
Adjusted R? 0.63 0.71 0.59 0.62 0.61

This table reports results of the performance of managed portfolios in the conditional CAPM. For each of the five major risk
factors, we construct managed portfolios that scales the position in the portfolio based on the conditional price of risk on the
portfolio. We regress the excess returns to these portfolios on the market portfolio and the underlying factor, as explained in
the text, to estimate unconditional alphas. We next estimate alphas in the conditional model by augmenting the unconditional
model by the conditional market risk factors from our main specification. The table reports t-statistics for the two different
alphas along with the fraction of conditional risk explained by the inclusion of the conditional factors. The sample is U.S.
1964-2022.

Table 10
Conditional risk in multifactor models.

Tangency portfolio

Factor used on the right-hand side: HML RMW CMA UMD BAB
Alpha without controls for conditional factor risk 4.26 4.03 3.26 372 2.33
(8.47) (8.23) (7.33) (7.88) (6.11)
Alpha with controls for conditional factor risk 4.06 4.07 3.14 3.69 2.47
(8.44) (8.81) (7.62) (7.73) (6.46)
Compensation for conditional factor k risk 0.20 —-0.04 0.12 0.02 -0.14
Fraction of alpha explained by conditional risk conditional risk: 0.05 -0.01 0.04 0.01 —-0.06
Observations 708 708 708 708 708
Adjusted R2 0.31 0.36 0.50 0.35 0.61

This table reports results from evaluation of the tangency portfolio in conditional multifactor models. For each of the factors
HML, RMW, CMA, UMD, and BAB, we study how much of the return to the tangency portfolio that can be explained by
the conditional risk with respect to the factors. For each factor, we first estimate the unconditional alpha of the tangency
portfolio with respect to the market and the given factor. We next estimate alphas in a conditional model by augmenting
the unconditional model with variables capturing conditional dynamics of the given risk factor. For each factor, we include
two additional right-hand side variables, namely the factor in question multiplied by the conditional expected return on
the factor and the conditional variance of the factor. TAN refers to the tangency portfolio spanned by the market, HML,
RMW, CMA, UMD, and BAB. Compensation for conditional risk is the annualized difference in the alphas estimated with and
without controlling for conditional factor risk. Statistical significance at the 5% level is indicated in bold. The U.S. sample is
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1964-2022 and the global and international samples are 1986-2022.

the tangency portfolio that can be explained by conditional risk with
respect to the HML, RMW, CMA, UMD, and BAB factors.

For each factor, we first calculate the unconditional alpha by re-
gressing the tangency portfolio on the market portfolio and the factor
in question. We next estimate alphas in the conditional model by
augmenting the unconditional model with variables capturing condi-
tional dynamics of the given risk factor. For each factor, we include
two additional right-hand side variables, namely the factor in question
multiplied by the conditional expected return on the factor and the con-
ditional variance of the factor. We continue to estimate the conditional
moments of the given risk factor as described in the previous section.

Table 10 reports the results. Conditional risk with respect to the
major risk factors has a trivial impact on the alpha of the tangency
portfolio. The largest effect of conditional risk is from conditional risk
with respect to the value factor, for which the reduction in alphas is
5%.

The results contrast the results on the market factor. Conditional
risk with respect to the market factor thus appears unique relative to
conditional risk with respect to other well-known factors.

5. Further relation to the literature

Our results relate to and extend a long strand of literature on
conditional CAPM. A large literature including Ferson and Harvey
(1991), Ferson and Schadt (1996), Ferson and Harvey (1999), and Ja-
gannathan and Wang (1996) document that a series of conditioning
variables predict time-variation in returns and betas in the cross-section
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of equities and use these conditioning variables as instruments in
factor models. Lettau and Ludvigson (2001b) show that using the cay
variable as an instrument in the CAPM explains the returns to size and
value sorted portfolio, but Lewellen and Nagel (2006) argue that the
effect is overestimated and that the conditional CAPM cannot explain
the cross-section of stocks. Lewellen and Nagel further advocate the
use of short-horizon regressions as an instrument-free way of testing
the conditional CAPM. However, Boguth et al. (2011) argue that the
short-horizon regressions have certain small-sample issues and instead
advocate the use of an instrumental approach that uses past betas and
state variables as instruments. Using this approach, they show that
momentum portfolios load on conditional risk. In addition, Cederburg
and O’Doherty (2016) argue that the conditional CAPM explains the
low-risk anomaly documented by Black et al. (1972) and Frazzini and
Pedersen (2014). Going beyond unconditional expected returns, Nagel
and Singleton (2011) test the additional implication that conditional
expected returns must be consistent with the conditional factor mod-
els. More recently, Kelly et al. (2019) and Fama and French (2018)
advocate the use of characteristics as measures of conditional betas.
Our results on the low-risk effect differ substantially from those
by Cederburg and O’Doherty, as they find that the low-risk effect
is statistically insignificant once controlling for conditional risk. One
potential reason for this discrepancy is that we study the returns to
the monthly betting against beta factor and not quarterly beta sorted
portfolios as Cederburg and O’Doherty do. The advantage of studying
the betting against beta factor is that the factor is hedged ex ante to
have a conditional beta of zero, mitigating the risk of missing variation
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in conditional betas. In addition, the fact that the factor is hedged
conditionally to have a beta of zero, and an alpha of 10 percentage
points per year, means that it is unlikely that the conditional CAPM
can explain its average return in the first place. It would require the
estimated conditional betas to be far from the true betas.

Finally, we note that Liu et al. (2018) redo the analysis in Cederburg
and O’Doherty (2016) using a slightly different methodology, and,
consistent with our results, they find that the conditional CAPM does
not explain the low-risk anomaly.®

6. Conclusion

This paper documents a material impact of conditional risk on the
alpha for major risk factors. Across 23 developed countries, risk factors
generally load on conditional risk. The impact of conditional risk is
substantial in many instances. In the long U.S. sample, conditional risk
explains around 30% of the unconditional alpha for the value factor.
For the more recent U.S. sample, as well as the French, German, and
Swedish samples, conditional risk explains essentially all the alpha to
the value factor. In the global and recent U.S. sample, conditional
risk explains half the alpha to the investment factor and in general
commands premia of around 2 percentage points annualized across the
major factors. These results challenge the view that conditional risk
cannot plausibly influence estimates of CAPM alpha.

The conditional CAPM is strongly rejected, in that conditional risk
does not explain all the alpha to the factors we consider. However,
this rejection does not necessarily imply that we should not control
for conditional risk in factor analyses. It is, for instance, very common
to control for the market factor in factor analysis, even though the
CAPM is rejected. Overall, the impact of conditional market risk on
anomaly alphas is larger than the impact of unconditional market risk,
suggesting that researchers and practitioners should seriously consider
controlling for conditional risk whenever implementing the CAPM in
the future.

Controlling for conditional risk in the usual CAPM implementations
can have broad economic implications. For instance, a CFO of a value
firm who discounts cash flows using the unconditional CAPM would use
the company’s beta of, say, 1 times the global market risk premium,
which gives an annual discount rate of around 5% in excess of the
appropriate risk-free rate. However, given the conditional risk in global
value firms, the CFO should in fact use an annual discount rate of
around 7% in excess of the risk-free rate to also reflect the conditional-
risk premium. Such an increase in the perceived cost of equity of 2
percentage points may have a material influence on a firm’s discount
rate and ultimately its investment decisions (Gormsen and Huber, 2023,
2024). In addition to influencing corporate investment, controlling for
conditional risk is also important for judging the economic importance
of different anomalies, understanding market efficiency, and evaluating
the performance of asset managers.
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Appendix A. Additional tables

Table A.1
Inputs to conditional-risk factors.
us World
R2excess returns R2variance RZexcess returns R2variance
HML 0.02 0.51 0.00 0.43
RMW 0.02 0.48 0.01 0.24
CMA 0.01 0.37 0.00 0.34
UMD 0.01 0.48 0.01 0.48
BAB 0.03 0.56 0.02 0.53

This table shows the R*for the expected return and variance for the individual risk
factors. These inputs are used for constructing conditional-risk factors for these risk
factors. The procedure for estimating expected return and variance follows that for the
market used in the main conditional-risk factor.

Appendix B. Conditional cash flow and discount rate risk

Conditional market risk arises because conditional market betas
are higher when the price of risk is higher. As shown by Campbell
and Vuolteenaho (2004), conditional market betas are the sum of the
given asset’s conditional cash flow and discount rate betas. Accordingly,
the conditional risk must come from either conditional cash flow or
discount rate betas being high when the price of risk is high. In this
section, we show how to estimate these two sources of conditional risk
by decomposing the conditional risk factor into two.

First note that shocks to the market portfolio, 7, , are given by cash
flow news and discount rate news (Campbell and Shiller, 1988):

F;Z.l =Ncri1 + Nprt (B.1)
The beta of an individual stock can then be expressed as:
B =B + PR (B.2)

cov,(r, sNCF1+1)
=m
var, (7 )

cov,(r, iNDpRy+1)

=m
var,(r’ T )

where g°F = and pPR =

Similarly, the market’s conditional-risk factor can be decomposed
into two parts:

Ci1 = f;'.l,.1(b;n —-b™) (B.3)
_ CF, .DR
=ciy T (B.4)

where ¢l = Ncp ., (b — b™) is the conditional cash-flow-risk factor
and ¢/R = Nppg,,.((b" — b™) is the conditional discount-rate-risk factor.
Loading on conditional cash flow risk and conditional discount rate
risk has a tangible economic interpretation. Indeed, the unconditional
covariance with the two risk factors summarizes the covariance of cash
flow- and discount rate betas with the expected return and variance:

cov(rl, el = cov (BT E L 1 - bvar, (7). ) (B.5)
and
cov(rl, ) = cov (BPR; E [ 1 - bvar, (7)) (B.6)

Table A.2 reports empirical results of the decomposition. Statistical
significance is generally limited, but we find evidence of conditional
discount rate risk for the investment and value factors. Both in the
U.S. and globally, factors load positively on the factor for conditional
discount rate risk. The loadings on the factor for cash flow risk are, on
the other hand, generally negative. These results imply that conditional
risk comes mostly from time variation in conditional discount rate
betas, not cash-flow betas.
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Table A.2
Conditional cash flow- and discount rate risk.
HML RMW CMA UMD BAB TAN
Panel A: U.S. sample
Alpha 0.93 0.75 0.79 2.02 2.28 1.28
(2.09) (2.43) (2.85) (3.03) (3.67) (7.53)
Market beta -0.29 -0.17 —-0.25 -0.12 —-0.02 0.07
(-2.35) (-1.77) (-3.03) (-0.84) (-0.14) (1.31)
Conditional cash flow beta —-0.01 —-0.08 —-0.02 0.02 —-0.02 —-0.03
(-0.07) (-1.20) (-0.37) (0.20) (-0.26) (-1.02)
Conditional discount rate beta 0.09 0.07 0.09 0.06 0.08 0.04
(1.72) (1.76) (3.44) (0.84) (1.27) (1.65)
Observations 192 192 192 192 192 192
Adjusted R2 0.08 0.10 0.17 0.00 0.01 0.04
Panel B: Global sample
Alpha 1.23 0.25 0.60 1.69 1.85 1.21
(2.53) (0.72) (1.89) (2.08) (2.64) (4.41)
Market beta -0.27 -0.23) -0.17 -0.14 —0.15 0.03
(-1.86) (-3.24) (—2.06) (-0.70) (-0.97) (0.41)
Conditional cash flow beta 0.01 -0.02) —-0.03 —-0.06 0.05 0.00
(0.11) (-0.59) (-0.73) (-0.98) (1.08) (-0.13)
Conditional discount rate beta 0.07 0.04) 0.04 -0.01 0.09 0.04
(1.83) (2.28) (2.37) (-0.29) (3.69) (3.81)
Observations 102 102 102 102 99 102
Adjusted R2 0.14 0.15 0.14 -0.01 0.12 0.10

This table reports results from evaluation of different equity strategies in the conditional CAPM. We regress quarterly excess returns of different
factors on the shock to the market portfolio, the conditional discount-rate-risk factor and the conditional cash-flow-risk factor. TAN refers to
the tangency portfolio spanned by the market, HML, RMW, CMA, UMD, and BAB. “Compensation for conditional risk” is the conditional risk
beta multiplied by the risk premium on the conditional risk factor. Alphas and compensation for conditional risk are in annual percent. Below
parameter estimates we report t-statistics based on Newey-West standard errors. Statistical significance at the 5% level is indicated in bold.

The U.S. and global samples run from 1964-2015 and 1986-2015.

Appendix C. Proofs

Proof of (3). Note that we can write the conditional beta as g, =
E[p]+#,. We can then write the unconditional covariance between the
excess return to asset i and the shock to the market portfolio as
C0V(rr+l; ~t+1) = cov(E[I7, T ¥ '7”:;:-1;7:11)

= E[p] var(7, W)+ cov(ng; var(rHl))
glven that cov(z,” m; ) = Eln, (7. 21 = cov(n,; (71+1)2) and using that
(?H] =E [(FH]) 1+ €41 = var (7}, ) + €., where cov(n; €,,) = 0. By

dividing both sides by the unconditional variance of 7} | we obtain the
expression in (3).

Proof of (9). Note that the covariance term in (5) can be written as

— bvar,(F" )) =E [B(E,[r" 1 b var,(F!. )]
- ( [ﬁt] E [(E,[r;'j_]] =b var,(?ﬁ_l))])

cov (B; E,[r,

where the first term is equal to

f[ 1+1 r+1]

var, (7" (Eilrfy 1 = bvar, G D) | =E [ry,, | E [7 B = b)]

t+1
+cov(ry, 377, (b = b))
= cov(rm;c,ﬂ),

given that E[c,, ;] = 0 (shown later), and the second term is equal to
Zero:

E ] E[E 1= bvar, 7, )] = E 5] (Elrf} 1= b varFy, ) =
Finally, to see that E[c,,;] = 0, note that
Elcyy] = E [P, ] Elb, — b] + cov(F, ;3 b, — b)
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which is equal to zero because the shock to the market portfolio has
a zero mean and is uncorrelated with (unpredictable by) the ex ante
price of risk, b,.

Proof of Proposition 2.b. The covariance between the conditional-risk
factor and the shock to the market is zero:

V(P 5 ¢q) = EIF), ¢y 1 = E [ (b, — b)] =

Proof of Proposition 3. Because the conditional-risk factors have zero
mean, we have that

E[r* ]
ke i =k 1+1
cov(r R y=E |r F b, —
+1° Sl t+1"1+1 4
Va.r,(rprl)
E[r* ]
"1
=F E[r ] b,——
t+1 x+1 var (rt+l)

=E[p (E [rr+1] E[rz+1])]

= cov(s E [, ).

Similarly, for the variance factor, we have that

E[rf ]
kv i gk i
cov(r e )y=—E |r
t+1° “r41 +17 141
Vd.r,(rHl)
E[* ]
"1
=-FE | E, [ ] -
t+1 z+1 var,(rrH)

-E [ﬁz (bv“-rr("hq) E[rr+1])]
= cov (¥ ,—bvar,(rm))
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